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be identiﬁed with a high dimensional vector. Other aspects
of data dimension reduction involve denoising or removal
of redundant or irrelevant information. For example, when
going after object orientation in video footage of a single
object from multiple angles simultaneously, the relatively
high volume information about the object shape can be
discarded and only its orientation is retained.
A variety of techniques for manifold learning and nonlinear data dimension reduction have been developed.
ISOMAP (Tenenbaum, Silva, and Langford 2000) estimates
a geodesic distance along the manifold and uses the multidimensional scaling method to embed the manifold into a
low dimensional Euclidean space. Locally linear embedding
(LLE) (Roweis and Saul 2000) was developed based on the
linear dependence of tangent vectors on a tangent plane.
Laplacian Eigenmaps (LE) (Belkin and Niyogi 2003) relies
on spectral graph theory by applying an eigendecomposition
to the local neighborhood graph Laplacian. Hessian Eigenmaps (Donoho and Grimes 2003) replaces the Laplacian of
LE with the Hessian operator. Local Tangent Space Alignment (LTSA) (Zhang and Zha 2004) takes the approach of
extracting local coordinates for each tangent plane and then
constructing global coordination, which can be mapped to
the local coordinates using local linear mapping. Maximum
variance unfolding (MVU) (Weinberger and Saul 2006a)
maximizes the data spread in the embedding space while
preserving the local geometry. More about the nonlinear
data dimension reduction techniques can be found in (Van
Der Maaten, Postma, and Van Den Herik 2007) and (Lee
and Verleysen 2007).
With a handful of famous exception such as ISOMAP and
MVU, none of the aforementioned techniques and other
existing techniques perform an isometric embedding for a
given manifold. Most of the algorithms
 yield a quadratic
optimization objective in the form of tr T T M T , where T
is the global coordinates in the low dimension and M is a
symmetric matrix which includes local geometry information speciﬁc to each method. The quadratic optimization
problem without any constraints has degenerate solutions,
e.g., T = 0 or T = [t1 , t1 , . . . , t1 ] (i.e., embed into a single
point). To circumvent this problem, a set of constraints is
imposed to enforce the output to (i) be centered (T T 1 = 0)
and (ii) have a unitary covariance (T T T = I). This set of
constraints violates the isometric assumption as it distorts

Abstract
In this paper, we present a method for isometric correction of manifold learning techniques. We ﬁrst present an
isometric nonlinear dimension reduction method. Our
proposed method overcomes the issues associated with
well-known isometric embedding techniques such as
ISOMAP and maximum variance unfolding (MVU),
i.e., computational complexity and the geodesic convexity requirement. Based on the proposed algorithm, we
derive our isometric correction method. Our approach
follows an isometric solution to the problem of local
tangent space alignment. We provide a derivation of
a fast iterative solution. The performance of our algorithm is illustrated on both synthetic and real datasets
compared to other methods.

Recent advances in data acquisition and high rate information sources give rise to high volume and high dimensional
data. For such data, dimension reduction provides means
of visualization, compression, and feature extraction for
clustering or classiﬁcation. In the last decade, a variety of
methods for nonlinear dimensionality reduction have been a
topic of ongoing research. Common to many approaches is
the geometric assumption that the data lies on a relatively
low dimensional manifold embedded in a high dimensional
space. The low dimensional embedding of the manifold
provides means of data reduction. In manifold learning, an
unorganized set of data points sampled from the manifold
is used to infer about the manifold shape and geometry
(Freedman 2002). Manifold learning can be viewed as either
constructing the manifold from sample data points or ﬁnding
an explicit map from the manifold in high-dimension to a
low dimensional Euclidean space (Hoppe et al. 1994).
Manifold learning and data dimension reduction have many
applications, e.g., visualization, classiﬁcation, and information processing. Data visualization in 2D or 3D provides
further insight into the data structure, which can be used
for either interpretation or data model selection. Data
dimension reduction can allow for extracting meaningful
features from cumbersome representations. For example, in
text document classiﬁcation the bag of words model offers
a vector representation of the relative word frequency over
a dictionary. With a large dictionary, each document can
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of the tangent plane in high dimension plus a reconstruction
noise. We consider a global representation of data points in
low dimension as follows:

the metric along the embedded manifold.
In this paper, a precisive approach is presented for the
isometric embedding of a manifold. The isometric solution is motivated in several application where true metric
preservation is critical such as sensor network localization (Weinberger and Saul 2006b), and face recognition
(Bronstein, Bronstein, and Kimmel 2003). The devised
approach extends the framework of LTSA (Zhang and Zha
2004) to account for an isometric embedding. Furthermore,
it provides a framework for isometric correction of all
previously known spectral decomposition algorithms such
as LLE, LE, and HLLE. Compared to ISOMAP and MVU,
our method is signiﬁcantly faster and (as with MVU) it is
well-suited for datasets with non-convex regions (e.g., Swiss
roll with hole). Unlike the previous methods, we form
an unconstrained optimization problem which requires no
regularization. The developed algorithm is validated with
the experimental results for both synthetic and real datasets.
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τji − τi = Li θji + ij , j = 1, . . . , k, i = 1, . . . , N,

where Li is a unitary transformation and is given in (3).
In the absence of noise (ij =0), the dot product between
every two vectors in the local neighborhood of point i in
low dimension can be obtained from (4) as
τji1 − τi , τji2 − τi  = θji1 , θji2 ,
(N ×N )

Ei = (Ti − τi 1T ) − Li Θi = T S̃i − Li Θi ,
(N ×k)

min

T,{L1 ,...,LN }

(1)

df
(τ − τ ∗ ) + O(τ − τ ∗ 2 ),
dτ

= QTi (Xi − xi 1T ) = [θ1i , . . . , θki ],

θji

= QTi (xij − xi ),

J(T, L1 , . . . , LN )



(2)
+tr

df
where dτ
is the Jacobian of f and O( · 2 ) denotes the contribution of higher order terms which becomes negligible as
τ approaches τ ∗ . Eq. (2) implies that every smooth manifold
can be constructed locally by its tangent plane. Provided
sufﬁcient data samples, each point and its neighbors lie on
or close to the tangent plane at that point. To ﬁnd the
coordinates of the tangent plane, we compute the singular
value decomposition (SVD) on the local neighborhood. Let
Xi = [xi1 , . . . , xik ], be a matrix containing in order of
proximity the k neighboring points of xi . Pi = [Xi − xi 1Tk ]
is all vectors in the neighborhood of data point i which
lie on the tangent plane of that point. Calculating the
SVD of the matrix Pi yields Pi = Qi Σi ViT where Qi
and ViT are unitary and Σi is a diagonal matrix with d
non-zero values, assuming that data is sampled from a ddimensional manifold. Therefore, Θi = QTi Pi constitutes
the coordinates of the tangent plane at point xi

Θi

=

(7)
s.t. LTi Li = I, i = 1, . . . , N,
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where J(T, L1 , . . . , LN ) = i T S̃i − Li Θi F . Expanding J(T, L1 , . . . , LN ), we have




T
LTi Ai
J(T, L1 , . . . , LN ) = tr T LT − 2tr

where τi is the low dimensional representation of xi and i
is the construction error. Manifold learning involves ﬁnding
either the τi ’s or the explicit mapping f (·). For a smooth
function f the Taylor series expansion is
f (τ ) = f (τ ∗ ) +

(6)

[τi1 , . . . , τik ], S̃ (N ×k) = ŜM ,
−1T
Ŝ (N ×k+1) = [ei Si ], M (k+1×k) =
, and SiN ×k
I
is the neighborhood selection matrix where the (S)lm is one
if τm is in the neighborhood of τl . The global isometric embedding is the optimal solution to the optimization problem
deﬁned as
where Ti

We consider the following manifold learning setting. A d
dimensional manifold M is embedded in an m dimensional
space with a deﬁned mapping f : Rd → Rm (d ≤
m). Suppose we are given a set of data points x1 , . . . , xn ,
sampled with noise from the manifold, i.e.,
i = 1, 2, . . . , n,

(5)

is unitary. Hence, the approach can lead
since Li
to an isometric embedding. Based on (4), we express the
reconstruction error as

Isometric embedding

xi = f (τi ) + i ,

(4)

θij

i



ΘTi Θi ,

(8)

i


T
T
where
i S̃i S̃i , and Ai = T S̃i Θi . The term
 TL =
i Θi Θi is constant w.r.t. T and Li . The key distinction
between the proposed criterion and the one in LTSA is the
unitary constraint applied to the linear transformation, which
leads to an isometric embedding. The value of Li which
minimizes the objective function subject to LTi Li = I is
obtained by solving the following optimization problem


max tr LTi Ai
Li

s.t. LTi Li = I.

(9)

1
The solution to Eq. (9) is
= Ai (ATi Ai )− 2 . This can be


1
veriﬁed by using the inequality tr LTi A ≤ tr (ATi Ai ) 2 ,
which holds with equality if Li = L∗i , indicating that L∗i

L∗i

achieves the maximum of Eq. (9). The inequality can be
1
derived by setting X = LTi Ai in tr (X) ≤ tr (X T X) 2 .
The proof is given in Appendix A. Substituting Li =
1
Ai (ATi Ai )− 2 into (8), yields



T S̃i ΘTi ∗ ,
(10)
min tr T LT T − 2

(3)

while Qi froms the basis for the tangent plane. Every vector
in the local neighborhood of point i in low dimension can
be written as a linear transformation of the coordinate bases

T

3

i
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where Z∗ = tr (Z T Z) 2 is the nuclear (or trace) norm
of matrix Z. The proposed criterion in (10) is non-convex
and may not have a unique global solution. However, the
problem is a special type of the non-convex optimization
problem which is called d.c. optimization problem where the
objective function is the difference of two convex functions
(Horst and Hoang 1996). The global optimality condition for this type of the problem has been developed in
(Strekalovsky 1998). There are some proposed numerical
approaches for ﬁnding the global optimum solution of these
problems (Enkhbat, Barsbold, and Kamada 2006; Chinchuluun et al. 2005). However, this is an NP hard problem
(Pardalos 1993) and none of the numerical approaches is
feasible for a large scale problem. To address this issue, we
provide a fast iterative algorithm to ﬁnd the solution using
the optimization transfer method. To avoid local minima,
we consider multiple initializations. Moreover, we derived
an isometric correction variation of our algorithm using the
framework of (10), which improves the efﬁciency of the
iterative algorithm in terms of computational complexity,
global optimality, and convergence.

matrix T as a linear combination of basis derived from
spectral decomposition approach T = GV T is similar to
the approach in (Weinberger et al. 2007) where the authors
used this approach to scale up the MVU. In the next section,
we derive an iterative algorithm to solve the optimization
problems in (10) and (11).

3 Algorithmic solution
In the Sections 1 and 2, we deﬁned two related minimization
problems with the general objective function in the form of



XKi∗ ,
(12)
J(X) = tr XM X T − 2
i

where for the optimization problem in (10), M = L and
Ki = S̃i ΘTi and in (11) M = L̂ and Ki = V T S̃i ΘTi .
An optimization transfer method is used to solve (12).
Optimization transfer is an iterative algorithm replacing
the minimization of a general function J(X) to that of a
surrogate function H(X, X (n) ) which tends to simplify the
optimization problem (Lange, Hunter, and Yang 2000). The
surrogate function satisﬁes: 1) J(X) ≤ H(X, X (n) ) and
2) J(X (n) ) = H(X (n) , X (n) ) and the main optimization
problem is replaced with the following iterations

2 Isometric correction
In (10), we developed an unconstrained optimization objective. The minimization of the objective gives rise to an
isometric embedding for manifold learning. We propose
an alternative, which we denote by the term isometric
correction. Suppose the basis derived from other nonisometric embedding approaches is {V1 , . . . , Vd̃ } where d˜ ≥
d is the dimension of the search space. The basis spans
˜
the d-dimensional
space where the solution for T resides.
Therefore, we can write T = GV T where G is a d × d˜
linear transformation. Substituting T back into (10) yields

(11)
GV T S̃i ΘTi ∗ ,
min tr GL̂GT − 2

X (n+1) = arg min H(X, X (n) ).

(13)

X

These iterations guarantee convergence to a local minimum.
To obtain a surrogate function for J(X) in (12), we use the
following matrix inequality.
1

tr (AT A) 2

1

≥ tr (AT B)(B T B)− 2

∀ B,

(14)

where B is an arbitrary matrix. Applying the bound in (14)
to (12) by setting A = XKi and B = X (n) Ki , we have


H(X, X (n) ) = tr XM X T − 2tr X T Q(X (n) ) , (15)

G

where L̂ = V T LV . The main idea in (11) is by restricting the search from all the points to only the linear
transformation G, the problem in (10) becomes ’easier’
to solve due to the reduced number of unknowns. Note
that even with a large number of points, the dimensions
of G remain ﬁxed. Note that for most other methods the
number of unknowns grows linearly with the number of
data points. The basis obtained by spectral decomposition
can approximate the global solution and hence the search
space can be restricted to such basis. Note that the proposed
approach is different from the one in lSDP (Weinberger,
Packer, and Saul 2005) where in lSDP we learn some
randomly chosen landmarks through the original SDP
and then a linear transformation is used to construct the
data points in low dimension from the learned landmarks.
Similarly, this approach differs from conformal mapping
proposed in (Sha and Saul 2005), where the correction
is angle preserving. Our approach goes beyond a simple
rescaling of the basis of other algorithms. In essence the
isometric correction searches among the meaningful basis
and ﬁnds a linear combination of them which provides an
isometric embedding. Note that the idea of representing


1
where Q(X) = i XKi (KiT X T XKi )− 2 KiT . The RHS
of (15) is quadratic and the optimum solution is found by
setting its derivative w.r.t. X to zero:
X (n+1) M − Q(X (n) ) = 0.

(16)

If matrix M is non-singular, then X (n+1) = Q(X (n) )M −1 .
For the isometric correction algorithm, we substitute
matrices X and M with matrices G and L̂ respectively.
Thus, the iterative algorithm for the problem in (11) is given
by
(17)
G(n+1) = Q(G(n) )L̂−1 ,

1
T T
−2
KiT and
where Q(G)
=
i GKi (Ki G GKi )
T
T
Ki = V S̃i Θi .
For the isometric embedding, we replace matrices X
and M with matrices T and L respectively in (16):
T (n+1) L = Q(T (n) )

4

(18)

rectangle strip punched out of the center. The Swiss roll
is a 2D submanifold of R3 . Fig. 3 shows the result of
implementing the isometric correction method on the basis
obtained from different spectral decomposition algorithms
including LLE, LE, LTSA, and HLLE with k = 8 neighbors. Since the difference between isometric correction and
isometric embedding visualy is unnoticeable, we omitted the
isometric embedding results from the paper.Note that the
algorithm was also implemented for Modiﬁed LLE (MLLE)
but due to space constraints the results were omitted. The
ﬁrst column depicts the original embedding and columns 2
to 4 present the isometric correction method for different
values of d˜where d˜ ≥ d is the number of vectors in the basis.
˜ However, higher
Note that convergence time increases in d.
˜
d produces more accurate results. This can be observed by
comparing d˜ = 2 and d˜ = 6 for the isometric correction of
LE.

Table 1: Isometric correction algorithm
Step
Description
Tangent
(1) Construct matrix Xi = x1i , . . . , xki
plane
where xji is the jth neighbor of point i.
construction
(2) Compute SV D(P ) = SΣV T where
P = Xi − xi 1T and deﬁne Θi = Σi ViT
(coordinates of the tangent plane).
(3) Find neighborhood
 matrix Si
 selection
−1T
.
and set S̃i = [ei Si ]
I
(4) compute Laplacian matrix L =

T
i S̃i S̃i .
Isometric
(1) Find V = [V1 , . . . , Vd̃ ] from one of the
correction
spectral decomposition approaches.
(2) Compute Ki = V T S̃i ΘTi and L̂ =
V T LV .
(3) Initialize an arbitrary matrix Gd×d̃ (to
avoid falling in local minima we intialized
matrix G several times).
(4) Update G using (17) until convergence.
(5) T = GV T .
Isometric em- (1) Initialize T as the output of isometric
bedding
correction.
(2) Update T using (18) and (20) until
convergence.

T
− 12
where Q(T ) =
KiT and Ki =
i T Ki (Ki T T Ki )
T
S̃i Θi . Note that L is a singular large matrix and hence
we consider an iterative approach for ﬁnding a solution to
(18). Landweber in (Landweber 1951) proposed an iterative
approach to solve this problem. The Landweber iteration for
(18) is
T̃ (l+1) = T̃ (l) +

1
(Q(T (n) ) − T̃ (l) L),
λmax (L)

Figure 1: Swiss roll dataset with N = 1600 data points
sampled uniformly with a rectangle strip punched out of the
center.

(19)

where λmax (L) is the largest eigenvalue of the Laplacian
matrix L. The solution to (18) is T (n+1) = T̃ (∞) . However,
in practical situations some termination criterion is used for
(19). The accelerated Landweber method (Hanke 1991) can
be used to improve the convergence speed:
T̃ (l+1)

=

ak T̃ (l) − bk T̃ (l−1) +
1
ck
(Q(T (n) ) − T̃ (l) L)
λmax (L)

(20)

2k−1
2k−1
, bk = 2k−3
where ak = 2 2k+1
2k+1 , and ck = 4 2k+1 . The
entire algorithm is summarized in Table 1.

4 Simulations and experimental results
In this part, we evaluate the isometric correction algorithm
on several high dimensional datasets. We begin with synthetic datasets to illustrate the effectiveness of our method.
The Swiss roll dataset shown in Fig. 1 consists of 1600
data points, which are uniformly sampled with a missing

Figure 2: Helix dataset with N =1600 data points.
The last row shows the effect of applying ISOMAP on
the same dataset. The non-convexity of the dataset causes

5

Original embedding

d˜ = 2

d˜ = 4

d˜ = 6

LLE

LE

LTSA

HLLE

ISOMAP
Figure 3: Isometric correction for the Swiss roll with hole dataset . We used the bases produced by 4 local embedding methods
including LLE, LE, LTSA, and HLLE, and implemented our proposed isometric correction algorithm to convert them to an
isometric embedding. The ﬁrst column shows the original embedding where the columns 2 to 4 show the result of the isometric
correction algorithm applied to the basis derived from the indicated techniques.
a strong dilation of the missing region, warping the rest
of the embedding. Implementing the isometric correction
technique on the bases derived from ISOMAP alleviates this
distortion.
Fig. 2 shows N = 1600 points sampled from a helix in
D = 3 dimensions. Fig. 4 shows the embedding discovered
by the isometric correction for LLE and LE bases. Helix is
a one dimensional manifold but due to the closed cycle, its
embedding is represented in the 2D Euclidean space. By
looking at the scale of the vertical and horizontal axes, it
is clear that the isometric correction preserves the distance
where LLE and LE fail to do so.
We applied our algorithm on sets of real images believed
to come from a complex manifold with few degrees of
freedom. Fig. 5 shows the results of the isometric correction
technique on N = 689 face images of an individual
including variation in lighting conditions and pose. The
grayscale images of the face dataset are 64 × 64 and can be
regarded as D = 4096 dimensional vectors. We separated
four paths along the boundaries of 2D embedded set and

indicated the image for each point in the boundary. It is
shown that the 2D representation of images captures the
variation in lighting condition and pose in a smooth way.
Fig. 6 shows the results of our algorithm applied to color
images of a three dimensional solid object. The images
have 76 × 101 pixels, with three bytes for color depth,
giving rise to points of D = 23028 dimensions. The
isometric correction technique was applied to N = 100
images spanning 360 degrees of rotation, with k = 3 nearest
neighbors. Fig. 7 shows the results of our algorithm applied
to N = 1600 images of digit number TWO from the MNIST
data set. The images have 28 × 28 pixels giving rise to
D = 784 dimensions. The low dimensional representation
captures the variation in size, slant, and line thickness.
The computational complexity of ISOMAP is O(N 3 ) associated with distance matrix and multi dimensional scaling
(MDS) eigenvalue calculation. The memory complexity, by
deﬁnition the storage requirement to solve a problem, for
ISOMAP is O(N 2 ). Computational complexity of MVU is
O(m3 ) where m is the number of constraints (Borchers and
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LE

d˜ = 2

Original embedding

LLE

d˜ = 6

d˜ = 4

Figure 5: Isometric correction (on top of LTSA approach) of
image face data set on N = 689 of an individual including
variation in lighting conditions and pose.

Figure 4: Isometric correction for helix dataset with N =
1600 pionts. The ﬁrst row is the original embedding derived
from LLE and LE algorithms where rows 2 to 4 show the
results of the isometric correction algorithm for different
˜
values of d.
Figure 6: Isometric correction (on top of LTSA approach)
of teapot image dataset of a three dimensional solid object.
The images are D = 23028 dimensional.

Young 2007). The number of constraints in MVU is approximately N k where k is the number of the neighborhood
points (Van Der Maaten, Postma, and Van Den Herik 2007).
Therefore, the complexity of MVU is O((N k)3 ). Note that
the memory complexity of MVU is O((N k)3 ) which makes
it computationally complex. For a given basis, the isometric
correction algorithm complexity is of O(N d˜3 ) which is
negligible compared to ISOMAP and MVU algorithms since
d˜
N . However, the entire algorithm complexity is of
O(pN 2 ) due to eigendecomposition of a sparse matrix used
to derive the basis for initializing the algorithm where p
denotes the ratio of the sparsity. Fig. 8 shows comparison
among the run time of isometric embedding algorithms
including ISOMAP, MVU, and our approach for different
datasets. The run time comparison for our approach includes
the entire process (spectral decomposition and isometric
correction). As it is indicated, the isometric correction
approach is computationally more efﬁcient than ISOMAP
and MVU by 2 and 3 orders of magnitude, respectively.

Figure 7: Isometric correction applied to N = 1600 images
of digit number TWO from the MNIST dataset.

5 Summary
Most of the manifold learning methods reduce to an eigendecomposition, for which a global solution is available. The
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≤ ||s||1 ||a||∞

4

10

Isometric correction
ISOMAP
MVU

= tr (S) max(eTi V T U ei )

(23)

Recalling that V V = U U = Il and using the CauchySchwarz inequality we have
T

3

10

eTi V T U ei

2

T

≤

eTi V T V ei

=

eTi ei

eTi U T U ei

10

eTi ei

= 1.

1

10

Hence,

Helix
n=1600

Swiss Roll
n=1600

Twin Peak
n=1600

Face Data
n=689

Digit data
n=1600



tr (X) = tr SV T U ≤ tr (S) .

Tea Pot
n=100

1

tr (X T X) 2

Figure 8: Run time comparison among the isometric embedding algorithms: Isometric correction, ISOMAP, and MVU.

= tr (S) ,

(26)

we have
1

tr (X) ≤ tr (X T X) 2 .

eigendecomposition leads to a non-isometric solution. In
this paper, we have developed a new algorithm for isometric
embedding of high dimensional datasets. Our approach
extends the framework of the LTSA algorithm to account
for isometric constraints. Our approach overcomes the
shortcomings of previously known isometric embedding
algorithms such as ISOMAP and MVU. The isometric
embedding enhances the computational savings compared
to ISOMAP and MVU. Moreover, our approach (as with
MVU) resolves the issue of embedding distortion associated
with geodesic convexity of ISOMAP. We introduced the
isometric correction problem and provided an efﬁcient iterative algorithm for solving the isometric correction. Since
the dimension of the problem decreases by introducing
the linear transformation matrix G, the problem becomes
computationally more efﬁcient. Another aspect that allows
the speedup of our method lies in the fast convergence
of the algorithm achieved by the accelerated Landweber
iteration. In turn, more initializations can be use to increase
the probability of ﬁnding the global solution to avoid local
minima.

(27)
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