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Abstract

Reasoning in the context of a conditional knowledge base
containing rules of the form ’If A then usually B’ can be
defined in terms of preference relations on possible worlds.
These preference relations can be modeled by ranking func-
tions that assign a degree of disbelief to each possible world.
In general, there are multiple ranking functions that accept a
given knowledge base. Several nonmonotonic inference re-
lations have been proposed using c-representations, a sub-
set of all ranking functions. These inference relations take
subsets of all c-representations based on various notions of
minimality into account, and they operate in different infer-
ence modes, i.e., skeptical, weakly skeptical, or credulous.
For nonmonotonic inference relations, weaker versions of
monotonicity like rational monotony (RM) and weak ratio-
nal monotony (WRM) have been developed. In this paper, we
investigate which of the inference relations induced by sets of
minimal c-representations satisfy rational monotony or weak
rational monotony.

1 Introduction
Using qualitative conditionals of the form “If A, then usu-
ally B”, formally denoted by (B|A), is a standard approach
for defining nonmonotonic inference relations. In order to
give a semantics to such conditionals, the semantic meth-
ods of classical logic are not sufficient, and richer struc-
tures are needed. Popular semantics for conditional logic
are, e.g., Lewis’ system of spheres (Lewis 1973), condi-
tional objects evaluated using boolean intervals (Dubois and
Prade 1994), possibility distributions (Benferhat, Dubois,
and Prade 1999), or ranking functions (Spohn 2012). Par-
ticular ranking functions using the principle of conditional
preservation as their core construction mechanism are c-
representations (Kern-Isberner 2001; 2004).

Each single c-representation exhibits desirable inference
properties (see e.g. (Thorn et al. 2015)), and it was shown
that skeptical c-inference over all c-representations satisfies
and exceeds system P (Beierle et al. 2018). Both as approxi-
mations and as liberalizations of skeptical c-inference, vari-
ous inference relations taking different minimal classes of c-
representations into account have been proposed; moreover,
these inference relations operate in three different inference
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modes, namely skeptical, weakly skeptical and credulous
(Beierle et al. 2016; 2018). For these inference relations, the
well-known postulates of Rational Monotony (RM), on the
agenda since the early days of nonmonotonic reasoning, and
its variant Weak Rational Monotony (WRM) have not yet
been investigated for c-inference relations; only for skep-
tical c-inference over all c-representations it is known that
(RM) is not satisfied 1. For all other c-inference relations,
in particular over minimal c-representations, their properties
with respect to (RM) and (WRM) have been open problems.
This paper addresses these open questions and provides the
following main contributions:

• Skeptical inference over any notion of minimal c-
representations does not satisfy (RM), but satisfies
(WRM).

• Weakly skeptical inference over all c-representations and
over any notion of minimal c-representations does not sat-
isfy (RM), but satisfies (WRM).

• Credulous inference over all c-representations and over
any notion of minimal c-representations satisfies both
(RM) and (WRM).

2 Background
Conditional Logic and OCFs Let L be a propositional
language over a finite set Σ of atoms a, b, c, . . .. The formu-
las ofLwill be denoted by lettersA,B,C, . . .. We writeAB
for A∧B and A for ¬A. We identify the set of all complete
conjunctions over Σ with the set Ω of possible worlds over
L. For ω ∈ Ω, ω |= A means that A ∈ L holds in ω.

By introducing a new binary operator |, we obtain the set
(L | L) = {(B|A) | A,B ∈ L} of conditionals over L.
(B|A) formalizes “if A then usually B” and establishes a
plausible connection between the antecedent A and the con-
sequenceB. A conditional (B|A) partitions the set of worlds
Ω in three parts: those worlds satisfying AB, thus verifying
the conditional, those worlds satisfying AB, thus falsifying
the conditional, and those worlds not fulfilling the premise
A and so which the conditional may not be applied to at all
(de Finetti 1937).

1The first counterexample to (RM) of skeptical c-inference was
developed by Hans Rott, when discussing c-representations and c-
inference with him.
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To give appropriate semantics to conditionals, they are
usually considered within richer structures such as epistemic
states. In this paper, we consider Spohn’s ordinal condi-
tional functions, OCFs (Spohn 2012). An OCF is a function
κ : Ω → N expressing degrees of plausibility of possi-
ble worlds where a higher degree denotes “less plausible” or
“more surprising”. At least one world must be regarded as
being normal; therefore, κ(ω) = 0 for at least one ω ∈ Ω.
Each such κ can be taken as the representation of a full epis-
temic state of an agent, and it uniquely extends to a function
(also denoted by κ) mapping sentences to N ∪ {∞} by:

κ(A) =

{
min{κ(ω) | ω |= A} if A is satisfiable
∞ otherwise

(1)

For all ranking functions κ and all formulas A it holds that
κ(A) = 0 or κ(A) = 0. (2)

An OCF κ accepts a conditional (B|A) (denoted by κ |=
(B|A)) if the verification of the conditional is less surprising
than its falsification, i.e., if κ(AB) < κ(AB). A non-empty
finite set R ⊆ (L|L) of conditionals is called a knowledge
base if it does not contain any self-fulfilling (A |= B) or
contradictory (A |= B) conditional. An OCF κ accepts R
if κ accepts all conditionals in R, and R is consistent if an
OCF acceptingR exists (Goldszmidt and Pearl 1996).

C-Representations Different ways of determining a rank-
ing function for a knowledge base R have been proposed,
e.g., the well-known system Z (Pearl 1990). Here, we will
use c-representations that assign an individual impact ηi to
each conditional (Bi|Ai) and generate the world ranks as a
sum of impacts of falsified conditionals:
Definition 1 (c-representation (Kern-Isberner 2001;
2004)). A c-representation of a knowledge base
R = {(B1|A1), . . . , (Bn|An)} is an OCF κ constructed
from non-negative integer impacts ηi ∈ N0 assigned to each
conditional (Bi|Ai) such that κ acceptsR and is given by:

κ(ω) =
∑

16i6n
ω|=AiBi

ηi (3)

C-representations can conveniently be specified using a
constraint satisfaction problem (for detailed explanations,
see (Kern-Isberner 2001; 2004; Beierle et al. 2018)):
Definition 2 (CR(R) (Beierle et al. 2018)). Let R =
{(B1|A1), . . . , (Bn|An)}. The constraint satisfaction prob-
lem for c-representations ofR, denoted by CR(R), is given
by the conjunction of the constraints, for all i ∈ {1, . . . , n}:

ηi > 0 (4)

ηi > min
ω|=AiBi

∑
j 6=i

ω|=AjBj

ηj − min
ω|=AiBi

∑
j 6=i

ω|=AjBj

ηj (5)

A solution of CR(R) is a vector (η1, . . . , ηn) of n nat-
ural numbers. For a constraint satisfaction problem CSP ,
the set of solutions is denoted by Sol(CSP). Thus, with
Sol(CR(R)) we denote the set of all solutions of CR(R).
For #»η ∈ Sol(CR(R)) and κ as in Equation (3), κ is the
OCF induced by #»η and is denoted by κ #»η .

Proposition 3 (Soundness and Completeness of CR(R)
(Beierle et al. 2018)). LetR be a knowledge base. For every
#»η ∈ Sol(CR(R)), κ #»η is a c-representation with κ #»η |= R,
and for every c-representation κ with κ |= R, there is a
#»η ∈ Sol(CR(R)) such that κ = κ #»η .

3 Inference With OCFs and Sets of OCFs
In (Goldszmidt and Pearl 1996), the nonmonotonic infer-
ence relation between a premise A and a conclusion B in-
duced by an OCF κ, written A |∼κB, is fully identified with
the acceptance of the conditional (B|A) by κ. However,
contrary to the claim stated in (Goldszmidt and Pearl 1996,
p. 66), as well as in many other publications, p-entailment
based on |∼κ defined in this way does not satisfy system
P (Lehmann and Magidor 1992). The inference rule (REF)
(i.e. A |∼A) in system P does not hold for this definition of
|∼κ, and hence also not for p-entailment based on it, because
⊥ 6|∼κ⊥.

Hence, we use an alternative definition of |∼κ given by:

A |∼κB iff A ≡ ⊥ or κ(AB) < κ(AB) (6)

Whereas Equation (6) defines an inference relation |∼κ
based on a single OCF κ, skeptical, weakly skeptical, and
credulous c-inference take all c-representations of a given
knowledge baseR into account.
Definition 4 (skeptical, weakly skeptical, and credulous
c-inference (Beierle et al. 2016; 2018)). Let R be a knowl-
edge base and let A, B be formulas.

1. B is a skeptical c-inference from A in the context of
R, denoted by A |∼sk

RB, if A |∼κB holds for all c-
representations κ forR.

2. B is a weakly skeptical c-inference from A in the context
of R, denoted by A |∼ws

RB, if A ≡ ⊥, or there is a c-
representation κ for R such that A |∼κB holds and there
is no c-representation κ′ forR such that A |∼κ′B.

3. B is a credulous c-inference from A in the context of R,
denoted by A |∼crRB, if there is a c-representation κ forR
such that A |∼κB holds.
Weakly skeptical inference lies indeed strictly between

skeptical and credulous inference.
Proposition 5 ((Beierle et al. 2016)). For every consistent
knowledge baseR we have

|∼skR ⊆ |∼ws
R ⊆ |∼crR (7)

and there is anR such that the inclusions in (7) are strict.
From the point of view of minimal specificity, c-

representations yielding minimal degrees of implausibility
are most interesting. Different orderings on Sol(CR(R))
leading to different minimality notions can be used.
Definition 6 (sum-, cw-, ind-minimal (Beierle et al. 2016)).
Let R be a knowledge base and #»η , #»η ′ ∈ Sol(CR(R)) with
#»η = (η1, . . . , ηn) and #»η ′ = (η′1, . . . , η

′
n).

#»η 4+
#»η ′ iff

∑
16i6n

ηi 6
∑

16i6n

η′i (8)
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ω r1 r2 r3 r4 r5 r6 imp. on ω κ #»η 1
κ #»η 2

κ #»η 3
κ #»η 4

bcst v v f − f f η3+η5+η6 5 5 11 16
bcst v f f f − v η2+η3+η4 3 3 6 6
bcst v v f − v − η3 1 1 1 4
bcst v f f f − − η2+η3+η4 3 3 6 6

bcst f v − − f − η1 + η5 1 2 7 7
bcst f f − v − − η1 + η2 2 2 5 3
bcst f v − − v − η1 1 1 2 1
bcst f f − v − − η1 + η2 2 2 5 3

bcst v v v − f f η5 + η6 4 4 10 12
bcst v f v − − f η2 + η6 5 4 8 8
bcst v v v − v − 0 0 0 0 0
bcst v f v − − − η2 1 1 3 2

bcst f v − − f − η1 + η5 1 2 7 7
bcst f f − − − − η1 + η2 2 2 5 3
bcst f v − − v − η1 1 1 2 1
bcst f f − − − − η1 + η2 2 2 5 3

imp. η1 η2 η3 η4 η5 η6
#»η 1 1 1 1 1 0 4 cw-, sum-, ind-minimal
#»η 2 1 1 1 1 1 3 cw-, sum-, ind-minimal
#»η 3 2 3 1 2 5 5
#»η 4 1 2 4 0 6 6

Table 1: Verification and falsification behaviour for R =
{r1:(c|>), r2:(t|>), r3:(b|c), r4:(c|bt), r5:(s|t), r6:(bt|cs)}
from Example 7 and four accepting c-representations.

#»η is sum-minimal iff #»η 4+
#»η ′ for all #»η ′ ∈ Sol(CR(R)).

We write #»η ≺+
#»η ′ iff #»η 4+

#»η ′ and #»η ′ 64+
#»η .

#»η 4cw
#»η ′ iff ηi 6 η′i for all i ∈ {1, . . . , n} (9)

#»η is cw-minimal (or Pareto-minimal) iff there is no vector
#»η ′ ∈ Sol(CR(R)) such that #»η ′ 4cw

#»η and #»η 64cw
#»η ′.

#»η 4O
#»η ′ iff κ #»η (ω) 6 κ #»η ′(ω) for all ω ∈ Ω (10)

#»η is ind-minimal iff there is no vector #»η ′ ∈ Sol(CR(R))
such that #»η ′ 4O

#»η and #»η 64O
#»η ′.

Thus, while sum-minimal and cw-minimal are defined by
just taking the components of the solution vectors #»η into ac-
count, ind-minimality refers to the ranking function induced
by a solution vector. The following example for these con-
cepts will be used in subsequent propositions.

Example 7. For R = {r1 : (c|>), r2 : (t|>), r3 : (b|c), r4 :
(c|bt), r5 : (s|t), r6 : (bt|cs)}, Table 1 shows the verification
and falsification for every possible world ω. Applying some
optimization rules to CR(R) (Beierle, Kutsch, and Sauer-
wald 2018), yields the simplified CSP

η1 > 0 η4 > η1 − η3
η2 > 0 η5 > 0 − min {η1, η6}
η3 > 0 η6 > η2 + η3 + η4 − min {η2, η5} .

(11)

Table 1 also shows four solutions #»η 1, #»η 2, #»η 3, and #»η 4 of
CR(R) with their induced c-representations κ #»η i . Note that

#»η 1 and #»η 2 are cw-, sum-, and ind-minimal while #»η 3 and
#»η 4 are not minimal with respect to any of the three notions
of minimality.

Viewing the models that are minimal with respect to one
of the ordering relations given in Definition 6 as preferred
models, skeptical, credulous, and weakly skeptical inference
versions can be obtained from the definitions of |∼skR, |∼crR,
and |∼ws

R by replacing the set Sol(CR(R)) by the respective
set of minimal solutions. We first define the three different
inference modes over arbitrary sets of ranking models.
Definition 8. Let M be a set of OCFs accepting a knowl-
edge baseR, and let A and B be formulas.

1. A |∼sk ,MR B if A |∼κB for all κ ∈M
2. A |∼ws,M

R B if A ≡ ⊥, or there is a κ ∈ M such that
A |∼κB and there is no κ′ ∈M such that A |∼κ′B

3. A |∼cr ,MR B if there is a κ ∈M such that A |∼κB
Definition 9 (min-inference). Let R be a knowledge base,
letA,B be formulas, and let • ∈ {+, cw ,O}. Furthermore,
let M• = {κ #»η | #»η ∈ Sol(CR(R)) and #»η is •-minimal}.

1. B is a skeptical •-min-inference from A in the context of
R, denoted by A |∼sk ,•R B, if A |∼sk ,M•R B.

2. B is a weakly skeptical •-min-inference from A in the
context ofR, denoted by A |∼ws,•

R B, if A |∼ws,M•
R B.

3. B is a credulous •-min-inference fromA in the context of
R, denoted by A |∼cr ,•R B, if A |∼cr ,M•R B.
The inclusions given in Prop. 5 carry over to all three

kinds of min-inference.
Proposition 10 ((Beierle et al. 2016)). For every consistent
knowledge baseR and • ∈ {+, cw ,O} we have

|∼sk ,•R ⊆ |∼ws,•
R ⊆ |∼cr ,•R (12)

and there is anR such that the inclusions in (12) are strict.
Propositions 5 and 10 state only some of the interrela-

tionships among the different inference relations based on
c-representations; for a detailed study of further interrela-
tionships we refer to (Beierle et al. 2016).

4 Rational Monotony
In this section, we investigate the various c-inference re-
lations with respect to the concept of rational monotony
(Lehmann and Magidor 1992).
Definition 11 (Rational Monotony). The nonmonotonic in-
ference relation |∼ satisfies Rational Monotony (RM) if for
all propositional formulas A, B and C, it holds that

A |∼B A 6|∼C
AC |∼B

(RM)

As already mentionend in Sec.1, it is known that skeptical
inference over all c-representations does not satisfy (RM).
However, it has been unknown whether skeptical and/or
weakly skeptical inference over any of the introduced sets
of minimal c-representations does satisfy (RM). It also has
been unknown whether credulous inference over any mini-
mal set of c-representations satisfies (RM).
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Proposition 12. Credulous inference over any set M of c-
representations satisfies (RM).

Proof. Let R be a knowledge base and M be any set of
c-representations accepting R. It is well known that pref-
erential inference over any ranking model satisfies (RM)
(Lehmann and Magidor 1992). We show that if both
A |∼cr ,MR B and A 6|∼cr ,MR C hold, it also holds that

AC |∼cr ,MR B. (13)

Since A 6|∼cr ,MR C holds, for every c-representation κ in M
it holds that

A 6|∼κC. (14)

Since A |∼cr ,MR B holds, there is a c-representation κ′ in M
such that

A |∼κ′B (15)

holds. Because every |∼κ satisfies (RM), from instantiating
(14) with κ′ and using (15) it follows that

AC |∼κ′B
and therefore also (13) holds.

Note that even though credulous inference does satisfy
(RM), it is generally too bold because it easily leads to
inconsistencies, and it is still unknown whether it satisfies
other desirable properties of nonmonotonic inference rela-
tions, such as (OR), (CUT) or (CM) (Lehmann and Magidor
1992).

The following is an example of a skeptical c-inference.
Example 13. For the knowledge base R from Example 7 it
holds that b |∼skRt.

We have to show that for all c-representations κ with
κ |= R it holds that κ(bt) < κ(bt). From the falsification
of conditionals listed in Table 1, we get the ranks of the four
worlds satisfying bt for all c-representations κ as

κ(bcst) = η3 + η5 + η6 κ(bcst) = η3
κ(bcst) = η1 + η5 κ(bcst) = η1.

Since all impacts ηi are non-negative, the rank of bt for all
c-representations κ is given as κ(bt) = min {η1, η3}. For
the four worlds that satisfy btwe get for all c-representations
κ

κ(bcst) = η2 + η3 + η4 κ(bcst) = η2 + η3 + η4
κ(bcst) = η1 + η2 κ(bcst) = η1 + η2.

The rank of bt is therefore in all c-representations κ given
as κ(bt) = min {η1 + η2, η2 + η3 + η4}. For showing that
in all c-representations κ it holds that κ(bt) < κ(bt), we
distinguish two cases:

Case 1 η1 6 η3: In this case we have κ(bt) =
min {η1, η3} = η1. Since the constraint for η2 is given
as η2 > 0 (Example 7), we know that η1 < η1 + η2.
Since η1 6 η3 it must then also hold that κ(bt) =
min {η1 + η2, η2 + η3 + η4} = η1 +η2 and finally κ(bt) <
κ(bt).

Case 2 η1 > η3: In this case we get for bt

κ(bt) = min {η1, η3} = η3. (16)

In Example 7 the constraint for η4 is given as η4 > η1 − η3.
Therefore, it also holds that η3 +η4 > η1 and also η2 +η3 +
η4 > η1 + η2 and finally
κ(bt) = min {η1 + η2, η2 + η3 + η4} = η1 + η2. (17)

From (16) and (17) and since η1 > η3 we get κ(bt) = η3 <

η1 + η2 = κ(bt). This shows that b |∼skR t holds.

Proposition 14. Skeptical inference |∼sk ,•R over any of the
three sets of minimal c-representations does not satisfy
(RM).

Proof. To show that skeptical inference over a set of min-
imal c-representations does not satisfy (RM), we have to
choose a knowledge base R and identify three formulas
A, B and C such that A |∼sk ,•R B and A 6|∼sk ,•R C but also
AC 6|∼sk ,•R B hold where • ∈ {cw ,+,O}. We chooseR from
Example 7 and

A = b B = t C = c ∧ s.
This means we have to show that

b |∼sk ,•R t (18)

b 6|∼sk ,•R c ∨ s (19)

b ∧ c ∧ s 6|∼sk ,•R t. (20)

For (18): Example 13 states, that b |∼skR t holds.
Since |∼sk ,•R is skeptical inference over a subset of c-
representations, it also holds that b |∼sk ,•R t for • ∈
{cw ,O ,+}.

For (19): To show that (19) holds we need to show that
there is a c-representation κ that is minimal with respect to
the minimality criterion • such that κ(b ∧ (c ∨ s)) > κ(bcs)
holds. The c-representation κ #»η 1

from Table 1 is cw-, sum-
and ind-minimal. It holds that
κ #»η 1(b ∧ (c ∨ s)) = min {1, 1} > min {2, 1} = κ #»η 1(bcs)

Therefore, (19) holds. We now know that the two prerequi-
sites of (RM) as given in (18) and (19) hold for |∼sk ,•R with
• ∈ {cw ,+,O}.

For (20): We have to show that there is a c-representation
κ that is minimal with respect to • such that κ(bcst) >
κ(bcst). The c-representation κ #»η 2

from Table 1 is cw-, sum-
and ind-minimal. It holds that

κ #»η 2
(bcst) = 2 > 2 = κ #»η 2

(bcst)

With this we have proven (18), (19) and (20). Therefore ra-
tional monotony does not hold for skeptical inference over
any of the three sets of minimal c-representations.

Note that due to Example 13 the relation in (18) holds
for skeptical c-inference and that the relations in (19) and
(20) also hold with respect to skeptical c-inference since the
sets of minimal models are subsets of all c-representations.
Therefore, the counterexample we used in Proposition 14 for
proving that (RM) does not hold for skeptical c-inference
over a set of minimal c-representations provides another
counterexample for (RM) for skeptical c-inference over the
set of all c-representations.

Regarding (RM), we now turn to weakly skeptical infer-
ence.
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Proposition 15. Weakly skeptical inference over all c-
representation does not satisfy (RM).

Proof. Again we use the knowledge base R from Exam-
ple 7. In order to show that (RM) does not hold for the
weakly skeptical inference relation |∼ws

R , we need to identify
three formulas A, B and C such that A |∼ws

RB and A 6|∼ws
RC

but also AC |∼ws
RB hold. We choose

A = b B = t C = c ∨ s.

This means we need to show that

b |∼ws
R t (21)

b 6|∼ws
R c ∨ s (22)

b ∧ (c ∨ s) 6|∼ws
R t (23)

hold.
For (21): By Example 13 we know that b |∼skR t. With

Proposition 5 we get that (21) holds.
For (22): The impact vector #»η 3 = (2, 3, 1, 2, 5, 5) is a

solution for the CSP (11) given in Example 7, so the c-
representation κ #»η 3

(cf. Table 1) is a c-representation accept-
ingR. Since it holds that

κ #»η 3
(b c s) = 2 > 1 = κ #»η 3

(b ∧ (c ∨ s))

we get b |∼κ #»η 3
c ∨ s, which implies (22).

For (23): Similarly, the impact vector #»η 4 =
(1, 2, 4, 0, 6, 6) is a solution for the CSP (11) given in
Example 7. For the c-representation κ #»η 4

given in Table 1 it
holds that

κ #»η 4(b ∧ (c ∨ s) ∧ t) = 4 > 3 = κ #»η 4(b ∧ (c ∨ s) ∧ t)

Therefore, b ∧ (c ∨ s) |∼κ #»η 4
t, which implies (23).

The situation with respect to (RM) does not change for
weakly skeptical inference when we move to minimal c-
representations.

Proposition 16. Weakly skeptical inference over any of the
introduced sets of minimal c-representations does not satisfy
(RM).

Proof. (Sketch) Let R = {r1, . . . , r6} be the knowl-
edge base over the signature Σ = {a, b, p, s, q} with
r1 = (abp ∨ abp ∨ abp|sq) r4 = (ab ∨ ab|psq)
r2 = (ab ∨ abpsq|psq ∨ abpsq) r5 = (sq|pab ∨ pab)
r3 = (abp ∨ abp ∨ abp|sq) r6 = (ab ∨ abp|sq).
For any inference relation |∼ws,•

R with • ∈ {cw ,+,O} it
holds that

pab ∨ pab |∼ws,•
R sq (24)

pab ∨ pab 6|∼ws,•
R pab (25)

pab 6|∼ws,•
R sq (26)

The rest of the proof showing that (24), (25) and (26) hold is
along the lines of the proof of Proposition 14.

5 Weak Rational Monotony
Requiring (RM) for a nonmonotonic inference relation is
a rather strong and restrictive criterion. In the light of ar-
guments that (RM) may be too strong, weaker notions of
monotony have been proposed (Rott 2001; Gärdenfors and
Makinson 1994).

Definition 17 (Weak Rational Monotony (Rott 2001)). A
nonmonotonic inference relation |∼ satisfies Weak Ratio-
nal Monotony (WRM), if for all propositional formulas A
and B it holds that

> |∼B > 6|∼A
A |∼B

(WRM)

In this section we will study inference relations over sets
of c-representation with respect to (WRM). First, we prove
a general property of c-representations.

Proposition 18. Let R be a knowledge base and A a for-
mula. If for a c-representation κ1 with κ1 |= R we have
κ1(A) = 0, then κ(A) = 0 for all c-representations κ with
κ |= R.

Proof. There must be a world ω with ω |= A and κ1(ω) =
0. To prove that ω does not falsify any conditional in R, let
us assume that ω falsifies (B|A) ∈ R. Since ω |= AB and
κ1 |= (B|A), we get κ1(AB) < κ1(AB) 6 κ1(ω) = 0, a
contradiction since ranks are not negative. Thus, ω does not
falsify any conditional in R, and according to (3), κ(A) =
κ(ω) = 0 for all c-representations κ with κ |= R.

Proposition 19. Skeptical inference relations defined over
any set M of c-representations satisfy (WRM).

Proof. Let R be a knowledge base and M be any set of c-
representations acceptingR. Let A and B be formulas with

> |∼sk ,MR B (27)

> 6|∼sk ,MR A. (28)

From (2) and (27) we conclude that for all c-representations
κ in M it holds that

κ(B) = 0 < κ(B). (29)

Assume that A 6|∼sk ,MR B. Then there is a κ1 ∈M such that

κ1(AB) > κ1(AB). (30)

Therefore, with (29) we get that

κ1(AB) > κ1(AB) > κ1(B) > κ1(B). (31)

From (28) we get that there is a κ2 ∈M such that

κ2(A) 6 κ2(A) (32)

implying κ2(A) = 0 due to (2) and hence also κ1(A) = 0
due to Prop. 18. Using (29) and (31) we get the contradiction

0 = κ1(A) = min{κ1(AB), κ1(AB)} > κ1(B) = 0

and hence, A |∼sk ,MR B must hold.
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Proposition 20. Credulous inference relations over any set
of c-representations satisfy (WRM).

Proof. Because (WRM) is strictly weaker than RM, from
the proof of Proposition 12 it follows that every credulous
inference relation defined over a set of c-representations sat-
isfies (WRM).

Proposition 21. Weakly skeptical inference relations de-
fined over any set M of c-representations satisfy (WRM).

Proof. For all knowledge bases R, every set M of c-
representations acceptingR, and all formulas A, B with

> |∼ws,M
R B (33)

> 6|∼ws,M
R A (34)

we have to show:
(I) There exists λ ∈M with λ(AB) < λ(AB).

(II) For all κ ∈M we have κ(AB) 6 κ(AB).
For both, we employ a case distinction derived form (34):

(i) For all κ ∈M we have κ(A) > κ(A), or
(ii) there exists κ1 ∈M with κ1(A) > κ1(A).

I(i): Due to (2) and (33), there is a κ′ ∈ M with 0 =
κ′(B) < κ′(B) 6 κ′(AB). From (2) and (i), we get 0 =
κ′(A) 6 κ′(A) and thus 0 = κ′(AB) < κ′(B) 6 κ′(AB).
Hence, choosing λ = k′ proves (I).
I(ii): Due to (2), we get κ1(A) > κ1(A) = 0 =
min{κ1(AB), κ1(AB)}. Because κ′1(AB) = 0 implies
κ′1(B) = 0, due to Prop. 18 it also implies κ(B) = 0 for all
c-representations κ accepting R, contradicting (33). There-
fore, κ′1(AB) < κ′1(AB) must hold, ensuring (I).
II(i): For all κ ∈ M , from (2) and (i) we get 0 =
κ(A) = min{κ(AB), κ(AB)}. If there were κ1 ∈ M with
κ1(AB) > κ1(AB), in contrast to (II), we would thus get
κ1(AB) = 0 and hence κ1(B) = 0. Due to Prop. 18, this
implies κ(B) = 0 for all c-representations κ accepting R,
contradicting (33).
II(ii): Due to (2) and (33), we get κ1(B) > κ1(B) =
min{κ1(AB), κ1(AB)} = 0. Because κ1(AB) = 0 im-
plies κ1(A) = 0, contradicting (ii), κ1(AB) = 0 must hold.
Due to Prop. 18, we get κ(AB) = 0 6 κ(AB) for all c-
representations κ acceptingR, ensuring (II).

Since Proposition 19, 20, and 21 hold for any set M of
c-representations of a knowledge base R, they imply that
skeptical, credulous, and weakly skeptical c-inference (over
all c-representations) as well as the corresponding inference
relations over minimal c-representations ( |∼sk ,•R , |∼cr ,•R and
|∼ws,•
R with • ∈ {cw ,+,O}) all satisfy (WRM).

6 Conclusions and Future Work
For inference relations induced by sets of minimal c-
representations, we investigated whether they satisfy the
postulates of rational monotony (RM) and weak rational
monotony (WRM). For skeptical, weakly skeptical, and
credulous c-inference over sets of minimal c-representations
we presented solutions to these previously open questions.

Furthermore, we proved that every of these three inference
modes over any set of c-representations satisfies (WRM).

While several postulates other than (RM) and (WRM)
have already been taken into account with respect to c-
inference relations (e.g. in (Beierle et al. 2016; 2018; Thorn
et al. 2015)), in future work we will study c-inference with
respect to further postulates that have been suggested for
nonmonotonic inference relations.
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