Proceedings of the Thirty-First AAAI Conference on Artificial Intelligence (AAAI-17)

A General Framework for Sparsity Regularized Feature
Selection via Iteratively Reweighted Least Square Minimization
Hanyang Peng,1 Yong Fan2
1

National Laboratory of Pattern Recognition, Institute of Automation,
Chinese Academy of Sciences; University of Chinese Academy of Sciences, 100190, Beijing, P.R. China
2
Department of Radiology, Perelman School of Medicine, University of Pennsylvania,
Philadelphia, PA, 19104, USA
hanyang.peng@nlpr.ia.ac.cn, yong.fan@ieee.org

Abstract

Evgeniou, 2007; Bradley & Mangasarian, 1998; Liu et al.,
2009; Nie et al., 2010; Obozinski et al., 2006; Tibshirani,
1996; Wang et al., 2008; Xiang et al., 2012). In particular,
κଵ -norm has been widely adopted in feature selection algorithms, such as Lasso (Tibshirani, 1996) and sparse SVM
(Bradley & Mangasarian, 1998; Wang, et al., 2008). Built
upon κଵ -norm based regularization models, κଶǡଵ -norm has
been used for feature selection in problems with multiple
tasks or multiple classes (Argyriou & Evgeniou, 2007; Liu,
et al., 2009; Nie, et al., 2010; Obozinski, et al., 2006;
Xiang, et al., 2012). More recently, κ୮ -norm and κଶǡ୮ -norm
(Ͳ ൏  ൏ ͳ) based regularization models have gained increasing attention (Bolon-Canedo, et al., 2013; Chartrand
& Staneva, 2008; Kong & Ding, 2014; Liu et al., 2007;
Peng & Fan, 2016; Zhang et al., 2014) since they can yield
sparser solutions than κଵ -norm and κଶǡଵ -norm based models (Chartrand, 2007; Zeng et al., 2014).
Although a variety of sparsity regularization based feature selection methods with different sparse regularization
functions have been developed, most of them adopt a least
square loss function. The least square loss function has
good data-fitting performance. However, it is sensitive to
outliers. A robust feature selection (RFS) method with
joint κଶǡଵ -norm minimization on both the loss function and
regularization function was proposed (Nie, et al., 2010;
Xiang, et al., 2012) and has been extended (Wang & Chen,
2013) with joint κଶǡ -norm (Ͳ ൏   ͳ). However, it is not
necessary to use the same norm for both the loss function
and sparse regularization function. To make the sparsity
regularized feature selection method more flexible, we
propose a general sparsity regularized feature selection
(GSR-FS) algorithm that optimizes a κଶǡ -norm (Ͳ ൏  ݎ ʹ)
based loss function and a κଶǡ -norm (Ͳ ൏   ͳ) sparse
regularization function. Particularly, the κଶǡ -norm ( Ͳ ൏
 ݎ ʹ) based loss function can balance the data fitting and

A variety of feature selection methods based on sparsity
regularization have been developed with different loss functions and sparse regularization functions. Capitalizing on the
existing sparsity regularized feature selection methods, we
propose a general sparsity feature selection (GSR-FS) algorithm that optimizes a κଶǡ -norm (Ͳ ൏  ݎ ʹ) based loss
function with a κଶǡ -norm (Ͳ ൏   ͳ) sparse regularization
function. The κଶǡ -norm (Ͳ ൏  ݎ ʹ) based loss function
brings flexibility to balance data-fitting and robustness to
outliers by tuning its parameter, and the κଶǡ -norm (Ͳ ൏  
ͳ) based regularization function is able to boost the sparsity
for feature selection. To solve the optimization problem
with multiple non-smooth and non-convex functions when
ݎǡ  ൏ ͳ, we develop an efficient solver under the general
umbrella of Iterative Reweighted Least Square (IRLS) algorithms. Our algorithm has been proved to converge with a
theoretical convergence order of at least ሺʹ െ ݎǡ ʹ െ ሻ.
The experimental results have demonstrated that our method
could achieve competitive feature selection performance on
publicly available datasets compared with state-of-the-art
feature selection methods, with reduced computational cost.

1. Introduction
Feature selection plays an important role in highdimensional data analysis for selecting informative features
and removing irrelevant or redundant ones (Cawley et al.,
2006; Guyon & Elisseeff, 2003; Kira & Rendell, 1992;
Lewis, 1992; Peng et al., 2005). Among existing feature
selection methods, sparsity regularization based methods
are appealing for their excellent performance (Argyriou &
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We choose ԡࢄࢃ െ ࢅԡଶǡ ( Ͳ ൏  ݎ ʹ ) instead of the
traditional ԡࢄࢃ െ ࢅԡଶி as the loss function for following
reasons. In general, a loss function with smaller  ݎis more
robust to outliers, whereas with larger  ݎhas better datafitting performance. As indicated by the plots shown in
Figure 1 (a), a small  ݎ ͳ for κ -norm could reduce the
impact of an outlier on the loss function compared with a
larger ݎ. The impact of outliers in classification is also illustrated by 2D linear classification models with different
settings of the κ -norm based loss function. In particular,
as shown in Figure 1 (b), the classification models remain
the same for different values of  ݎif no outlier sample is
present in the training data. However, the classification
model with a κ -norm based loss function could change
dramatically with different values of  ݎif the training data
contain outlier samples, and the classification models with
a smaller  ݎare more robust to outlier samples, as illustrat
ed by Figure 1 (c). The regularization function ԡࢃԡଶǡ has
a direct impact on the solution’s sparsity, and small   ͳ
is able to boost sparsity. The proposed method in Eqn. (2)
is a generalization of existing sparsity regularization based
feature selection methods, and many of them are special
cases of the proposed method. Differences between our
method and the existing methods under comparison are
summarized in Table 1.

robustness to outliners and the κଶǡ -norm ( Ͳ ൏  ൏ ͳ )
based regularization function is able to boost the model
sparsity for feature selection.
The optimization algorithms used in the existing sparsity
regularized methods typically handle optimization problems with one non-smooth term1 and are not suitable for
our optimization problem with 2 non-smooth terms when
ݎǡ   ͳ. Iteratively reweighted least squares (IRLS) based
methods have been widely used to solve sparse optimization problems in many fields (Candes et al., 2008; Chartrand & Yin, 2008; Gorodnitsky & Rao, 1997; Lu et al.,
2014). However, the existing IRLS based algorithms only
handle optimization problems with no more than one nonsmooth function (Lu et al., 2015). To optimize our problem,
we develop a novel algorithm based on IRLS with a convergence order of at least ሺʹ െ ݎǡ ʹ െ ሻ.
Our method has been validated based on 6 publicly
available datasets and achieved competitive feature selection performance with respect to both classification accuracy and computational cost compared with 6 state-of-theart feature selection algorithms, including MinimumRedundancy Maximum-Relevance (mRMR) (Peng, et al.,
2005), ReliefF (Kira & Rendell, 1992), Multi-Task Feature
Selection (MTFS) (Argyriou & Evgeniou, 2007; Liu, et al.,
2009; Obozinski, et al., 2006), Robust Feature Selection
(RFS) (Nie, et al., 2010; Xiang, et al., 2012), an extended
RFS(E-RFS) (Wang & Chen, 2013), and Rank One Update
Algorithm (RK1U) (Zhang, et al., 2014).

3. A novel IRLS method
The optimization problem of Eqn. (2) is a difficult problem
with 2 non-convex, non-smooth functions when Ͳ ൏  ݎ൏ ͳ
and Ͳ ൏  ൏ ͳ. To solve this problem, we propose an iterative algorithm, and at each iteration step we remodel the
optimization problem of Eqn. (2) as a re-weighted least
square minimization problem with analytical solutions.
When ԡ࢞ ࢃ െ ࢟ ԡ ് Ͳ and ԡ࢝ ԡ ് Ͳ ( ࢞ ࢃ െ ࢟ and
࢝ are the ݅ th row vector of ࢄࢃ െ ࢅ and ࢃ, respectively),
the gradient of ࣤሺࢃሻ in Eqn. (2) with respect to ࢃ is
߲ࣤሺࢃሻ
ൌ ʹࢄ் ࡿଵ ሺࢄࢃ െ ࢅሻ   ʹߣࡿଶ ࢃǡሺ͵ሻ
߲ࢃ
where ࡿଵ  אԹൈ and ࡿଶ  אԹൈ are diagonal matrices
with diagonal elements ࢙ଵ ൌ ݎΤሺʹԡ࢞ ࢃ െ ࢟ ԡଶି
ଶ ሻ and
ଶି
࢙ଶ ൌ Τʹԡ࢝ ԡଶ . When ԡ࢞ ࢃ െ ࢟ ԡ ൌ Ͳ and ԡ࢝ ԡ ൌ Ͳ,
we adopt the same strategy as (Nie, et al., 2010). Setting
߲ࣤሺࢃሻΤ߲ࢃ to be 0, we have a solution of Eqn. (2), i.e.,

2. A unified sparse feature selection algorithm
Given a matrix    אԹൈ , its κଶǡ -norm(   Ͳ) is defined as:
ଶ



భ




భ


మ


ଶ
ԡԡଶǡ ൌ ቆσ
ୀଵ ቀσୀଵหࢇǡ ห ቁ ቇ ൌ ቀσୀଵሺԡࢇ ԡଶ ሻమ ቁ ǡ ሺͳሻ

where ԡࢇ ԡଶ denotes κଶ -norm of the ݅-th row vector of .


Given ݉ training samples ࢄ ൌ  ሼ࢞ ሽ
ୀଵ , ࢞  אԹ , belonging to ሺ  ʹሻ classes, and their class labels ࢅ ൌ

ୡ
ሼࢌ ሽ
ୀଵ , ࢌ ൌ ሾെͳǡ ǥ ǡͳǡ ǥ ǡ െͳሿ  אԹ (the ݆-th element is ͳ
th
and others are െͳ for the ݅ data point belonging to the ݆th
class). In this paper, we adopt a κଶǡ -norm (Ͳ ൏  ݎ ʹ )
based loss function and a κଶǡ -norm (Ͳ ൏   ͳ ) based
regularization function for feature selection, i.e.,


ࣤሺࢃሻ ൌԡࢄࢃ െ ࢅԡଶǡ  ߣԡࢃԡଶǡ ǡሺʹሻ

ࢃ ൌ  ሺࢄࢀ ࡿ ࢄ  ࣅࡿ ሻି ࢄࢀ ࡿ ࢅǤሺͶሻ
If ࡿଵ and ࡿଶ are fixed, we construct an auxiliary objective function ࣤଵ ሺࢃሻ to have the same gradient as ࣤሺࢃሻ in
Eqn. (2),
ࣤଵ ሺࢃሻ ൌ ԡࢳଵ ሺࢄࢃ െ ࢅሻԡଶி   ߣԡࢳଶ ࢃԡଶி ǡሺͷሻ
where ࢳଵ ൌ ሺࡿଵ ሻଵȀଶ and ࢳଶ ൌ ሺࡿଶ ሻଵȀଶ , and their ݅ th diagoΤଶ
and ࣍ଶ ൌ
nal elements are ࣍ଵ ൌ ඥȀʹൗԡ࢞ ࢃ െ ࢟ ԡଵି
ଶ
ଵିΤଶ
, respectively.
ඥȀʹൗԡ࢝ ԡଶ

ࢃ

୬ൈୡ

where ࢃ  אԹ
is the weight matrix to be learned, and
non-zero rows of ࢃ indicate the selected features.

1

RFS and the extended RFS reformulated the optimization objective function with 2 non-smooth terms as a problem with one non-smooth term
since both the loss function and the regularization function adopt the same
κଶǡ -norm(Ͳ ൏   ͳ) (Nie, et al., 2010; Wang & Chen, 2013).
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Figure 1˖ (a) ȁܽȁ with different ݎ. (b) Optimal classification lines for κ -norm loss functions without any outlier. (c) Optimal
classification lines for κ -norm loss functions with outliers
Table1: Comparisons of MTFS, RK1U, RFS, Extended RFS and our method
Method name
Objective function
Same  ݎand ?
ݎ

ԡࢄࢃ െ ࢅԡଶி  ߣԡࢃԡଶǡଵ
MTFS (Obozinski, et al., 2006)
NO
ݎൌʹ
ൌͳ
ԡࢄࢃ െ ࢅԡଶி  ߣԡࢃԡଶǡ
RK1U (Zhang, et al., 2014)
NO
ݎൌʹ
Ͳ൏ͳ
ԡࢄࢃ െ ࢅԡଶǡଵ  ߣԡࢃԡଶǡଵ
RFS(Nie, et al., 2010)
YES
ݎൌͳ
ൌͳ
ԡࢄࢃ െ ࢅԡଶǡ  ߣԡࢃԡଶǡ
E-RFS (Wang & Chen, 2013)
YES
Ͳ൏ݎͳ
Ͳ൏ͳ
ԡࢄࢃ െ ࢅԡଶǡ  ߣԡࢃԡଶǡ
Ours
NO
Ͳ൏ݎʹ
Ͳ൏ͳ

Then, we can obtain a solution by solving the re-weighted
least square minimization problem, i.e.,
ԡࢳଵ ሺࢄࢃ െ ࢅሻԡଶி   ߣԡࢳଶ ࢃԡଶி Ǥሺሻ

Lemma 1. Given any nonzero vectors ࢇ and ࢈, we have
ԡ࢈ԡଶଶ
ԡ࢈ԡଶఏ
െ
ߠ
ή
 ሺͳ െ ߠሻԡࢇԡଶఏ
ଶ
ଶ ǡሺሻ
ԡࢇԡଶିଶఏ
ଶ

Since ࡿଵ and ࡿଶ (or ࢳଵ and ࢳଶ ) are functions of ࢃ, we
use an iterative algorithm to compute the solution. At each
iterative step, ࡿଵ and ࡿଶ are fixed first, then ࢃ is obtained
according to Eqn. (4), and finally we update ࡿଵ and ࡿଶ
based on ࢃ, as summarized in Algorithm 1. Its convergence
is proved in the following subsection.

where Ͳ ൏ ߠ ൏ ͳ and the equality holds if and only if ࢇ ൌ ࢈.
Proof please see the supplementary material.
Based on Lemma 1, we have Lemma 2.
Lemma 2. Given an optimization problem:
݉݅݊ ݂ሺࢆሻ  ԡࢳࢶሺࢆሻԡଶி ǡݏǤ ݐǤࢆ ࣠ אǡሺͺሻ

ࢃ

ࢆ

where ݂ሺࢆሻ and ࢶሺࢆሻ are matrix functions of ࢆ, ࣠is the
feasible region, and ࢳ is a diagonal matrix with its ݅ th diagଵି Τଶ
( ࢆ is one
onal element equal to ඥݍȀʹൗԡࢶሺࢆ ሻ ԡଶ
th
element in ࣠ , ࢶሺࢆ ሻ is the ݅ row vector of ࢶሺࢆ ሻ and
Ͳ ൏  ݍ ʹ). If ࢆ כis the optimal solution of the above optimization problem Eqn. (8), we have


݂ሺࢆ כሻ  ԡࢶሺࢆ כሻԡଶǡ   ݂ሺࢆ ሻ  ԡࢶሺࢆ ሻԡଶǡ ǡሺͻሻ

Algorithm 1. A unified sparse feature selection algorithm
1.



Input: data points ൛࢞ ൟୀଵ (࢞  אԹ ) and their correspond

2.
3.
4.
5.
6.
7.
8.
9.
10.
11.

ing label ൛ ݕ ൟୀଵ ; loss function norm order  ;ݎsparse regularization norm order  ; regularization parameter ߣ ;
number of features ݀ to be selected.
Construct ࢄ and ࢅ
Set ݇ ൌ ͳ and initialize ࡿଵబ   אԹൈ and ࡿଶబ   אԹൈ as
identity matrices
Repeat
ିଵ
Calculate ࢃ ൌ  ൫ࢄ் ࡿଵೖషభ ࢄ  ߣࡿଶೖషభ ൯ ࢄ் ࡿଵೖషభ ࢅ
Calculate ࡱ ൌ ࢄࢃ െ ࢅ
Update ࡿଵೖ , where ݅-th diagonal elements is
Update ࡿଶೖ ,where ݅-th diagonal elements is

Proof. Since ࢆ כis the optimal solution of Eqn.(8), we
have
݂ሺࢆ כሻ  ԡࢳࢶሺࢆ כሻԡଶி  ݂ሺࢆ ሻ  ԡࢳࢶሺࢆ ሻԡଶி ǤሺͳͲሻ

Therefore
 ݍԡࢶሺࢆ כሻ ԡଶଶ
ଶି
 ʹ ԡࢶሺࢆ ሻ ԡଶ

 Τଶ

ቛࢋೖ ቛ

݂ሺࢆ כሻ  

మషೝ
మ

 Τଶ
ቛ࢝ೖ ቛ

ݍ
ԡࢶሺࢆ ሻ ԡଶ Ǥ ሺͳͳሻ
ʹ
When Ͳ ൏  ݍ൏ ʹ, according to Lemma 1, we have
 ݍԡࢶሺࢆ כሻ ԡଶଶ

 ቆԡࢶሺࢆ כሻ ԡଶ െ
ቇ
ʹ ԡࢶሺࢆ ሻ ԡଶି

ଶ
ݍ

   ቀͳ െ ቁ ԡࢶሺࢆ ሻ ԡଶ Ǥሺͳʹሻ
ʹ


మష

 ݂ሺࢆ ሻ   

మ

Update ݇ ൌ ݇  ͳ
Until convergence
Output: Sort all features according to ԡ࢝ ԡଶ and select
the top largest ݀ features.

4. Convergence analysis and convergence rate
The objective function ࣤሺ܅ሻ monotonically decreases at
every iteration step and Algorithm 1 finally converges.

Summing Eqn. (11) and Eqn. (12), we obtain
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݂ሺࢆ כሻ   ԡࢶሺࢆ כሻ ԡଶ  ݂ሺࢆ ሻ   ԡࢶሺࢆ ሻ ԡଶ Ǥሺͳ͵ሻ




Finally, we obtain


݂ሺࢆ כሻ  ԡࢶሺࢆ כሻԡଶǡ   ݂ሺࢆ ሻ  ԡࢶሺࢆ ሻԡଶǡ ǡሺͳͶሻ
where the equality holds if and only if ࢶሺࢆ כሻ ൌ ࢶሺࢆ ሻǤ
When  ݍൌ ʹ, ࢳ becomes an identity matrix, the equality
in Eqn. (14) still holds.ᇝ
Theorem 1. The objective function of Eqn. (2) monotonically decreases at every iteration step, i.e.,
ࣤሺࢃ ሻ  ࣤሺࢃିଵ ሻǡሺͳͷሻ

ඥݏ ԡࡵ െ ା ԡଶ ԡଵା ଶ ԡଶ ԡࢁଵ כԡǡሺͳͻሻ
ଶି
ଶି
ʹ
ʹߣ
ฮࢃଶೖషభ ฮ
 ฮࡱଶೖషభ ฮ

ݎ
ଶǡଶି
ଶǡଶି
ฮࢁଶೖ ฮ  
ή
ଶି
ଶି
ʹ
ʹߣ
ฮࢃଵೖషభ ฮ
 ฮࡱଵೖషభ ฮ

ݎ
ଶǡଶି
ଶǡଶି

and it converges to a limit point.
Proof. According to Eqn. (6), we have
ଶ

ଶ

ฮࢳଵೖషభ ሺࢄࢃ െ ࢅሻฮ   ߣฮࢳଶೖషభ ࢃ ฮ 
ி

ி

ଶ

ଶ

ி

ி

 ฮࢳଵೖషభ ሺࢄࢃିଵ െ ࢅሻฮ   ߣฮࢳଶೖషభ ࢃିଵ ฮ ǡ ሺͳሻ
where the ݅ th diagonal elements of ࢳଵೖషభ and ࢳଶೖషభ are
Τଶ
 and ࣍ଶೖషభ ൌ
࣍ଵೖషభ ൌ ඥȀʹൗԡ࢞ ࢃିଵ െ ࢟ ԡଵି
ଶ
ଵିΤଶ
, respectively.
ඥȀʹൗฮ࢝ೖషభ ฮଶ
ଶ
According to Lemma 2, let ݂ሺࢃሻ ൌ  ฮࢳଵೖషభ ሺࢄࢃ െ ࢅሻฮ
ி
and ࢶሺࢃሻ ൌ ߣࢃ, we have
ଶ



ฮࢳଵೖషభ ሺࢄࢃ െ ࢅሻฮ  ߣԡࢃ ԡଶǡ
ி

ଶ

ingly. We define ଵ ൌ  ሾࢄଵ ǡࡸଵ ሿ , ଶ ൌ  ሾࢄଶ ǡࡸଶ ሿ , ࢁଵ்ೖ ൌ
்
்
and ሺࢁଵ כሻ் ൌ
ൣࢃଵೖ ǡ െࡱଵೖ ൧ , ࢁ்ଶೖ ൌ ൣࢃଶೖ ǡ െࡱଶೖ ൧
כ
כ
்
ሾࢃଵ ǡ െࡱଵ ሿ . Then we have Lemma 3.
Lemma 3. The following inequalities hold in the successive iteration steps of Algorithm 1.
ଶି
ଶି
ʹ
ʹߣ
ฮࢃଶೖషభ ฮ
 ฮࡱଶೖషభ ฮ

ݎ
ଶǡଶି
ଶǡଶି
כ
ή
ฮࢁଵೖ െ ࢁଵ ฮ 
ଶି
ଶି
ʹ
ʹߣ
ฮࢃଵೖషభ ฮ
 ฮࡱଵೖషభ ฮ

ݎ
ଶǡଶି
ଶǡଶି

כ
ඥݏ ԡࡵ െ ା ԡԡା
 ଶ ԡԡࢁଵ ԡǡሺʹͲሻ

where  Ͳݏis the number of columns of ͳ , and  ൌ
ሺࡵ െ ଵ ଵା ሻଶ .
Proof please see the supplementary material. According
to Lemma 3, we can obtain the convergence order of Algorithm 1.
Theorem 3. The convergence order of Algorithm 1 is
at least ݉݅݊ሺʹ െ ǡ ʹ െ ݎሻ.
Proof can be found in the supplementary material.



 ฮࢳଵೖషభ ሺࢄࢃିଵ െ ࢅሻฮ  ߣԡࢃିଵ ԡଶǡ Ǥሺͳሻ
ி



5. Experiments

Setting ݂ሺࢃሻ ൌ ɉԡࢃԡଶǡ and ࢶሺࢃሻ ൌ ࢄࢃ െ ࢅ, according to Lemma 2 we have

ԡࢄࢃ െ ࢅԡଶǡ  ߣԡࢃ ԡଶǡ
 ԡࢄࢃିଵ െ

ࢅԡଶǡ



5.1 Results based on a synthetic dataset


ߣԡࢃିଵ ԡଶǡ Ǥሺͳͺሻ

So, ࣤሺࢃ୩ ሻ  ࣤሺࢃ୩ିଵ ሻ , and the equality holds if and
only if ࢃ୩ ൌ ࢃ୩ିଵ . Since the lower bound of ࣤሺࢃ୩ ሻ is
limited, ࣤሺࢃ୩ ሻ converges to a limit point.ᇝ
Theorem 2. Sequence ሼࢃ ሽ produced in Algorithm 1
converges, and the limit point is a stationary point of Eqn.
(2).
Proof can be found in the supplementary material. When
 ൌ ͳ and  ݎ ͳ, Eqn. (2) is a convex optimization problem,
hence its solution obtained by Algorithm 1 is the globally
optimal. When Ͳ ൏  ൏ ͳ or Ͳ ൏  ݎ൏ ͳ, it may converge to
a local optimum.
The convergence rate of Algorithm 1 is derived as following. If ࢃ כis the optimal solution of ࢃ ԡࢄࢃ െ ࢅԡଶǡ 

ߣԡࢃԡଶǡ , then the optimal residual ࡱ כൌ ࢄࢃ כെ ࢅ. When
כ
ࢃ is sparse, the rows of ࢃ כcan be split into two parts: ࢃଵכ
and ࢃכଶ , where ࢃכଶ ൌ  and ࢃଵ כis the remainder. In the
same way as partitioning ࢃ כinto ࢃଵ כand ࢃכଶ , the rows of
ࢃ and the columns of ࢄ are partitioned into ࢃଵೖ and ࢃଶೖ ,
ࢄଵ and ࢄଶ , respectively. Similarly, ࡱ כcan be split into ࡱଵכ
and ࡱଶ כ, where ࡱଶ כൌ  and ࡱଵ כis the remainder, and the
rows of ࡱ ( ࡱ ൌ ࢄࢃ െ ࢅ ) and the columns of ࡵ ( א
Թ୫ൈ୫ ) are partitioned into ࡱଵೖ and ࡱଶೖ , ࡸଵ and ࡸଶ , accord-
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To investigate how the loss function’s parameter  ݎin our
method affects the feature selection performance, we generated a synthetic dataset using following procedure. First, we
generated ݊ samples with features ࢄଵ ǡ ࢄଶ  אԹൈௗభ , where
elements of ࢄଵ ǡ ࢄଶ were randomly generated according to
Gaussian distribution ࣨሺͲǡͳሻ. Second, we introduced redundant features ࢄଷ ൌ ͲǤͷሺࢄଵ ǡ ࢄଶ ሻ  ࣕ  אԹൈௗభ to the
samples, where elements of ࣕ were randomly generated
according to ࣨሺͲǡͲǤͳሻ . Third, irrelevant features ࢄସ א
Թൈௗమ were injected into the samples, where elements of ࢄସ
were randomly generated according to uniform distribution
࣯ሺെͳǡͳሻ. So, we obtained samples with features ࢄ ൌ ሾࢄଵ ǡ
ࢄଶ ǡ ࢄଷ ǡ ࢄସ ]  אԹൈௗ , ݀ ൌ ͵݀ଵ  ݀ଶ . Then, we generated
multi-tasks labels for these samples as ࢅ ൌ ࢄࢃ  ࣍ א
Թൈ , where ࢃ ൌ ሾ܅ଵ Ǣ܅ଶ Ǣ ሿ  אԹௗൈ , ࢃଵ ǡ ࢃଶ  אԹௗభൈ
and their elements were randomly generated according to
uniform distribution ࣯ሺͲǡͳሻ, and ࣍ was randomly generated
according to ࣨ(Ͳ, 0.5). Finally, to simulate outlier samples,
we randomly picked a subset of ࢅ with a percentage of ܽ,
and reversed their positive or negative signs, yielding new
labels ࢅଵ . Setting ݊ ൌ2000, ݀ଵ ൌ100, ݀ଶ ൌ700, ܿ ൌ 5, and
ܽ ൌ 0, 0.01, and 0.1, we obtained 3 simulated data sets, each
of them having 1000 features, among which 200 features
were informative.

We evaluated our method using 10-fold cross validation
based on the simulated dataset with respect to different  ݎൌ
0.5, 1, 2 by setting  ൌ ͳ. The performance was gauged
with root mean square error (RMSE) between actual values
and predicted values base on top 200 selected features. As
shown in Figure 2, the least square loss function had the
best data-fitting performance for samples without outliers.
However, it was sensitive to outliers as reflected by relatively larger RMSE when the samples contained 1% and 10%
outliers. Not surprisingly, the feature selection with κଶǡ norm based loss functions ( ݎ ͳሻ was robust to outliers but
might sacrifice data-fitting accuracy. All these results indicated that the loss function’s parameter should be adaptive
to the problem under study.
5
Least Square
L2,1 Norm

4

RMSE

L2, 0.5 Norm
3
2
1
0

a=0

a = 0.01
Outlier Ratio

a = 0.1

Figure 2: Average RMSE of 10-fold cross-validation for least
square loss, κଶǡଵ -norm loss, and κଶǡǤହ -norm loss, respectively.

5.2 Classification experiments on real-world datasets
We also evaluated our algorithm, referred to as general
sparsity regularized feature selection (GSR-FS) based on 6
publicly available real-world datasets. In particular, 2 datasets were obtained from UCI, including ISOLET and SEMEION. Particularly, ISOLET is a speech recognition data
set with 7797 samples in 26 classes, and each sample has
617 features. SEMEION contains 1593 handwritten images
from ~80 persons, stretched in a rectangular box of ͳ ൈ ͳ.
Three face image datasets were obtained from AR, ORL,
and the frontal pose sub-dataset (09) of CMU-PIE. Particularly, AR has 1680 samples with 2000 features, ORL contains 400 samples with ͻʹ ൈ ͳͳʹ pixels as features, and the

CMU-PIE subset contains images of 64 persons with different illuminations. The 6th dataset contains confusable hand
writing images 4 and 9, obtained from MNIST.
We compared our method with 4 sparsity regularized
feature selection algorithms, including MTFS (Argyriou &
Evgeniou, 2007; Liu, et al., 2009; Obozinski, et al., 2006),
RFS (Nie, et al., 2010; Xiang, et al., 2012), an extended
RFS (E-RFS) (Wang & Chen, 2013), and RK1U (Zhang, et
al., 2014). We also compared our method with two filter
feature selection methods, namely ReliefF (Kira & Rendell,
1992) and mRMR (Peng, et al., 2005).
In our experiments, we first normalized all the features to
have zero mean and unit standard deviation. Then, 10 trials
were carried out on each dataset for feature selection. In
each trial, each dataset was randomly spilt into training and
testing subsets with a ratio of 6:4. Classification accuracy
was used to evaluate the feature selection methods. Particularly, linear SVM (Chang & Lin, 2011) was used to build
classifiers based on the selected features. The parameter ܥ
of linear SVM classifiers was tuned using a cross-validation
strategy by searching a candidate set of [10-3, 10-2, 10-1, 1,
101, 102]. The regularized parameter  ߣ in  our algoithm,
MTFS, RFS and RK1U was tuned using the same crossvalidation strategy by searching a candidate set of [10-3, 10-2,
10-1, 1, 101, 102].
Our algorithm has 2 hyper parameters  ݎand . For evaluating the impact of  on the sparsity and directly comparing
our method with MTFS, RFS and RK1U, we evaluated our
algorithm by setting  ൌ 1, 0.75, 0.5 and 0.25. Since the
loss function with a smaller  ݎis more robust to outliers but a
larger  ݎof the loss function may yield better data-fitting
performance, in our experiments  ݎwas tuned by crossvalidation with a candidate set of [0.5, 1, 2]. For the E-RFS
and RK1U,  ൌ ͲǤͷ since it had better classification performance than other values (Wang & Chen, 2013; Zhang, et
al., 2014).
Table 2 summarizes mean and standard deviation of the
classification rates in 10 trails for classifiers built on the top
50 features. The average classification accuracy rates with
top [10, 20, …, 100] features are shown in Figure 3. These
results demonstrated that our method with different 

Table 2˖ Mean and standard deviation of the classification accuracy (%, mean േstd) of Linear-SVM classifiers built on the top 50
features selected by different algorithms on different datasets.
Algorithm

ReliefF

mRMR

MTFS

RFS

ISOLET

Extended
RK1U
GSR-FS
GSR-FS
GSR-FS
GSR-FS
RFS (p=0.5) ( p=0.5)
( p=1.0)
( p=0.75)
( p=0.5)
( p=0.25)
77.02േ0.82 85.10േ0.62 90.40േ0.68 91.38േ0.73 91.36േ0.56 92.50േ0.79 92.98േ0.44 93.92േ0.46 94.10േ0.29 93.93േ0.40

SEMEION

78.70േ1.39 78.75േ1.82 84.11േ1.12 85.82േ1.25 85.89േ1.61 85.45േ1.01 86.24േ1.45 86.97േ1.13 86.87േ0.89 86.58േ1.17

AR

57.89േ4.58 87.77േ1.36 85.24േ2.99 88.90േ1.41 88.36േ1.82 87.90േ1.88 92.38േ1.24 94.49േ0.56 94.51േ0.96 94.06േ0.89

ORL

56.50േ6.12 87.81േ3.23 74.00േ3.60 80.25േ2.74 88.44േ2.11 90.13േ1.81 90.88േ2.83 91.50േ2.27 91.13േ2.93 90.06േ2.33

CMU-PIE

75.35േ1.50 89.91േ1.04 85.41േ1.39 90.83േ0.79 90.98േ1.01 91.70േ0.97 93.01േ0.87 93.85േ0.83 93.67േ1.08 93.39േ0.79

MNIST

90.62േ0.35 92.55േ0.19 95.30േ0.21 94.25േ0.38 94.04േ0.55 95.31േ0.20 95.53േ0.21 95.85േ0.24 95.53േ0.18 95.49േ0.35
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Figure 3˖Average classification accuracy of 10 trials for classifiers built on the selected features by different algorithms. The
results shown were obtained on (a) ISOLET, (b)SEMEION, (c) AR, (d) ORL, (e) CMU-PIE, and (f) MNIST.
Table 3˖ Running Time (unit: second) by different Algorithms
ISOLET
SEMEION
AR
ORL
CMU-PIE
MNIST

ReliefF

mRMR

RFS

319.48
6.18
37.13
23.04
89.35
676.21

52.85
4.70
24.67
157.69
62.24
48.83

2954.07
56.38
67.44
12.01
66.47
9275.84

Extended
RFS(p=0.5)
2100.20
32.93
48.92
7.81
67.31
6199.82

achieved overall the best classification accuracy on most of
the datasets, especially when  ൌ 0.75, 0.5. When  ൌ 0.5,
our method performed better than E-RFS and RK1U. Not
surprisingly, the sparsity regularization methods had better
performance than filter methods.

RK1U
(p=0.5)
6467.20
101.69
2070.54
5750.64
4563.38
1050.98

GSR-FS
( p=1.0)
26.70
11.11
62.08
12.11
49.38
26.87

GSR-FS
(p=0.75)
24.70
5.52
30.19
11.97
53.22
22.56

GSR-FS
(p=0.5)
21.47
5.58
26.36
4.60
35.64
18.81

GSR-FS
(p=0.25)
17.01
5.60
20.49
3.21
19.43
18.87

most of the datasets, and had similar costs as mRMR and
ReliefF. Particularly, RK1U and our method achieved similar classification performance on several datasets under
study, but the computational time of RK1U was more than
50 times longer than ours on average.

5.3 Computational cost

6. Discussions and Conclusion

We also compared our algorithm with other methods with
respect to their computation cost2. The convergence of all
the sparse feature selection algorithms was determined
based on the same criterion: the change of objective function value is less than 10-4 between 2 successive iteration
steps with the regularized parameter λ=1. And the filter
algorithms ran until the top 100 features were selected. We
set  ݎൌ ʹ in our algorithm. We ran different methods on a
desktop with an Intel i7-4470 CPU, 3.4GHz and 8G RAM.
The computational costs of different algorithms are summarized in Table 3. As shown in Table 3, our algorithm
was faster than other sparse feature selection algorithms on

We have presented a general framework for sparsity regularization based feature selection and a novel iterative reweighted least square minimization optimization algorithm.
Several existing sparsity regularized feature selection
methods could be treated as its special cases. The objective
function of our method consists of a κଶǡ୰ -norm (Ͳ ൏  ݎ ʹ)
based loss function and a κଶǡ୮ -norm (Ͳ ൏   ͳ) sparse
regularization function, yielding an adaptive solution for
handling outliers by turning its parameters. Such flexibility
could improve feature selection performance as demonstrated by the experimental results. The novel IRLS algorithm is capable of solving problems with multiple nonsmooth functions, and could find its applications in other
fields.

2

MTFS was implemented in C, and other algorithms were implemented
in Matlab. So, we did not directly compare our algorithm with MTFS.
However, RK1U was faster than MTFS (M. Zhang, et al, 2014), and our
method was faster than RK1U.
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We will extend our method to constrained optimization
problems and investigate how to choose optimal parameters  ݎand  in addition to the cross-validation strategy
adopted in the present study.
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