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Abstract

Clustering is an old research topic in data mining and
machine learning communities. Most of the traditional
clustering methods can be categorized local or global
ones. In this paper, a novel clustering method that can
explore both the local and global information in the
dataset is proposed. The method, Clustering with Lo-
cal and Global Consistency (CLGR), aims to minimize
a cost function that properly trades off the local and
global costs. We will show that such an optimization
problem can be solved by the eigenvalue decomposi-
tion of a sparse symmetric matrix, which can be done
efficiently by some iterative methods. Finally the ex-
perimental results on several datasets are presented to
show the effectiveness of our method.

Introduction

Clustering (Jain & Dubes, 1988) is one of the most fun-
damental research topics in both data mining and machine
learning communities. It aims to divide data into groups of
similar objects, i.e. clusters. From a machine learning per-
spective, what clustering does is to learn the hidden patterns
of the dataset in an unsupervised way, and these patterns
are usually referred to as data concepts. From a practical
perspective clustering plays an outstanding role in data min-
ing applications such as scientific information retrieval and
text mining, Web analysis, marketing, computational biol-
ogy, and many others (Han & Kamber, 2001).

Many clustering methods have been proposed till now,
among which K-means (Duda et al, 2001) is one of the
most famous algorithms, it aims to minimize the sum of
the squared distance between the data points and their cor-
responding cluster centers. However, it is well known that
there are some problems existing in the K-means algo-
rithm: (1) the predefined criterion is usually non-convex
which causes many local optimal solutions; (2) the itera-
tive procedure (e.g. the for optimizing the criterion usually
makes the final solutions heavily depend on the initializa-
tions. In the last decades, many methods (He et al, 2004;
Zha et al, 2001) have been proposed to overcome the above
problems.
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Recently, another type of methods, which are based on
clustering on data graphs have aroused considerable inter-
ests in the machine learning and data mining community.
The basic idea behind these methods is to first model the
whole dataset as a weighted graph, in which the graph nodes
represent the data points, and the weights on the edges corre-
spond to the similarities between pairwise points. Then the
cluster assignments of the dataset can be achieved by opti-
mizing some criterions defined on the graph. For example
Spectral Clustering is one kind of the most representative
graph-based clustering approaches, it generally aims to op-
timize some cut value (e.g. Normalized Cut (Shi & Malik,
2000), Ratio Cut (Chan et al, 1994), Min-Max Cut (Ding et
al, 2001)) defined on an undirected graph. After some relax-
ations, these criterions can usually be optimized via eigen-
decompositions, which is guaranteed to be global optimal.
In this way, spectral clustering efficiently avoids the prob-
lems of the traditional K-means method.

In this paper, we propose a novel clustering algorithm that
inherits the superiority of spectral clustering, i.e. the final
cluster results can also be obtained by exploit the eigen-
structure of a symmetric matrix. However, unlike spec-
tral clustering, which just enforces a smoothness constraint
on the data labels over the whole data manifold (Belkin &
Niyogi, 2003), our method first construct a regularized lin-
ear label predictor for each data point from its neighbor-
hood, and then combine the results of all these local label
predictors with a global label smoothness regularizer. So
we call our method Clustering with Local and Global Regu-
larization (CLGR). The idea of incorporating both local and
global information into label prediction is inspired by the re-
cent works on semi-supervised learning (Zhou et al, 2004),
and our experimental evaluations on several real document
datasets show that CLGR performs better than many state-
of-the-art clustering methods.

The rest of this paper is organized as follows: in section 2
we will introduce our CLGR algorithm in detail. The experi-
mental results on several datasets are presented in section 3,
followed by the conclusions and discussions in section 4.

The Proposed Algorithm

In this section, we will introduce our Clustering with Local
and Global Regularization (CLGR) algorithm in detail. First
let’s introduce the notations and problem statement.
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Table 1: Frequently used notations
n The total number of data
X The data matrix, X = [x1,x2, · · · ,xN ]
Ni The neighborhood of xi

ni The cardinality of Ni

Xi The matrix composed of Ni

L The graph Laplacian constructed on X

Notations and Problem Statement

In a clustering problem, we are given n data points,
x1, · · · ,xn, and a positive integer C. The goal is to partition
the given dataset X = {xi}n

i=1 (xi ∈ R
m) into C clusters,

such that different clusters are in some sense “distinct” from
each other.

Mathematically, the result of a clustering algorithm can
be represented by a cluster assignment indication matrix
Pn×C , such that Pij = 1 if xi belongs to cluster j, and
Pij = 0 otherwise. That is, there is only one 1 for each row
of matrix P, and the rest of the elements are all zero.

The same as in (Yu & Shi, 2003), we will not solve for
the matrix P directly. What we will solve in this paper is
a scaled cluster assignment indication matrix Qn×C , such
that Qij = Pij/

√
nj , then

Q = P
(
PT P

)−1/2
. (1)

Therefore Q is a semi-orthogonal matrix in that

QT Q =
(
PT P

)−1/2 (
PT P

) (
PT P

)−1/2
= I, (2)

where I is an n×n identity matrix. In the following we will
write Q as

Q =
[
q1,q2, · · · ,qC

]
, (3)

where qi (1 � i � C) corresponds to the i-th row of Q,
and qij can be regarded as the confidence that xi belongs to
cluster j.

Table 1 shows some symbols and notations that will be
frequently used throughout the paper.

Regularized Linear Classifier Revisited

The traditional machine learning methods can be catego-
rized into two main types: supervised learning and unsu-
pervised learning. For unsupervised learning, what we face
with are a data set with no labels and our goal is to organize
them in a reasonable way (such as clustering), while super-
vised learning can be posed as a problem of function estima-
tion, in which we aims to get a good classification function
from the labeled training data set that can predict the labels
for the unseen testing data set with some cost minimized
(Vapnik, 1995). The linear classifier with least square fit is
one of the simplest supervised learning methods, which aims
to learn a column vector w such that the squared cost

J ′ =
1
n

∑
i

(wT xi − yi)2 (4)

is minimized, where yi is the label of xi. By taking
∂J /∂w = 0, we get the solution

w∗ =
(
XXT

)−1

Xy, (5)

where X = [x1,x2, · · · ,xn] is an m × n data matrix,
y = [y1, y2, · · · , yn]T is the label vector. For the two-class
problem, yi ∈ {+1,−1}, and we can determine the label of
a test point xu by

l = sign(w∗T xu), (6)

where sign(·) is the sign function. For the multi-class (say
C-class) problem, we can adopt a similar way as we have
introduced in last subsection, i.e. we can construct one clas-
sifier for each class by minimizing

J c′ =
1
n

∑
i

(
(wc)T xi − (yc)i

)2

, (7)

where 1 � c � C, (yc)i = 1 if xi belongs to class c,
(yc)i = 0 otherwise. Then the normal vector for the classi-
fier of the c-th class becomes

wc∗ =
(
XXT

)−1

Xyc, (8)

and the label of a test point xu can be determined by

c = argmaxc

(
(wc∗)T xu

)
(9)

To avoid the singularity of XXT (e.g. when m � n), we
can add a regularization term and minimize the following
criterion for the c-th class

J c =
1
n

n∑
i=1

(
(wc)T xi − yi

)2

+ λc‖wc‖2, (10)

where λc is a regularization parameter. Then the optimal
solution that minimize J ′

c becomes

wc∗ =
(
XXT + λnI

)−1
Xyc, (11)

where I is an m×m identity matrix. This is what we usually
called regularized linear classifier.

Like most of the supervised learning methods (e.g. SVM,
decision trees), regularized linear classifier is one kind of
global classifiers, i.e. it uses the whole training set for
training the classifier. However, as pointed out by (Vap-
nik, 1995), sometimes it may be hard to find a classifier that
is good enough for predicting the labels of the whole input
space. In order to get better predictions, (Bottou & Vapnik,
1992) found that for certain tasks, locally trained classifiers
could get better performances for predicting the labels of the
test data.

Local Regularization

Inspired by the work of (Bottou & Vapnik, 1992) and (Wu &
Schölkopf, 2006), we applied the local learning algorithms
for clustering. The basic idea is that, we train a local label
predictor for each data point xi (1 � i � n) based on its
neighborhood Ni (k-nearest neighborhood or ε neighbor-
hood), and use it to predict the label of xi. Then all these
local predictors will be combined together by minimizing
the sum of their prediction errors.
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Due to its simplicity and effectiveness, we choose the reg-
ularized linear classifier as our local label predictor, i.e. for
each datum xi, we aims to get a wi that minimizes

J c
i =

1
ni

∑
xj∈Ni

‖ (wc
i )

T xj − (qc)j‖2 + λi‖wc
i‖2, (12)

where ni = |Ni| is the cardinality of Ni, and (qc)j is the
confidence that xj belongs to cluster c. From Eq.(11) we
can get the optimal solution

wc∗
i =

(
XiXT

i + λiniI
)−1

Xiqc
i (1 � c � C), (13)

where Xi = [xi1,xi2, · · · ,xini
] with xik being the k-th

neighbor of xi, and qc
i = [qc

i1, q
c
i2, · · · , qc

ini
]T with qc

ik =
qc(xik). It can be easily shown that Eq.(13) can be further
transformed to

wc∗
i = Xi

(
XT

i Xi + λiniIi

)−1
qc

i (1 � c � C), (14)
Then for a new testing point u that falls into Ni, we can
predict the confidence of it belonging to class c by

qc
u = (wc∗

i )T u = uT wc∗
i = uT Xi

(
XT

i Xi + λiniIi

)−1
qc

i .

Note that the above expression can be easily kernelized
(Schölkopf & Smola, 2002) as in (Wu & Schölkopf, 2006)
since it only involves the computation of inner products.

After all the local predictors having been constructed, we
will combine them together by minimizing the sum of their
prediction errors

Jl =
C∑

c=1

n∑
i=1

(
(wc∗

i )T xi − qc
i

)2

. (15)

Combining Eq.(15) and Eq.(11), we can get

Jl =
C∑

c=1

n∑
i=1

(
(wc∗

i )T xi − qi

)2

=
C∑

c=1

n∑
i=1

(
xT

i Xi

(
XT

i Xi + λiniIi

)−1
qc

i − qc
i

)2

=
C∑

c=1

‖Gqc − qc‖2, (16)

where qc = [qc
1, q

c
2, · · · , qc

n]T , and the G is an n× n matrix
with its (i, j)-th entry

Gij =
{

αi
j , if xj ∈ Ni

0, otherwise
, (17)

where αi
j represents the j-th entry of

αi = xT
i Xi

(
XT

i Xi + λiniIi

)−1
.

One may argue that the local approach we used here is
similar to Locally Linear Embedding(Roweis & Saul, 2000),
which assumes that each data point can be linearly recon-
structed from its neighborhood. More concretely, for each
data point xi, it minimizes

εi =
∥∥∥∥xi −

∑
xi∈N (xi)

wijxi

∥∥∥∥
2

s.t.
∑

j
wij = 1. (18)

Comparing εi with the local loss Ji shown in Eq.(12), we
can find that the LLE approach focuses on linear relation-
ships from pure neighborhood points, and no label informa-
tion is needed, while in our local regularization step we aims
to construct linear classifiers from the neighborhood points.
Therefore it is conceptually different from our local regular-
ization method.

Till now we construct all the locally regularized linear la-
bel predictors and combine them in a cost function that can
be written in an explicit mathematical form, which can be
efficiently minimized directly using standard optimization
techniques. However, the results may not be good enough
since we only exploit the local informations of the dataset.
In the next subsection, we will introduce a global regulariza-
tion criterion and combine it with Jl, which aims to find a
good clustering result in a local-global way.

Global Regularization

A common assumption that can guide the learning process
is the cluster assumption (Zhou et al, 2004), which states
1. The nearby points tend to have the same cluster assign-

ments;
2. The points on the same structure (e.g. submanifold or

cluster) tend to have the same cluster assignments.
In other words, the cluster assumption implies that the labels
of the data set should vary smoothly with respect to the in-
trinsic data structure. According to (Belkin & Niyogi, 2003),
the smoothness of the data label (or cluster assignment) vec-
tor q can be measured by

Jg =
C∑

c=1

(qc)T Lqc =
C∑

c=1

n∑
i=1

(qc
i − qc

j)
2wij , (19)

where L is an n × n matrix with its (i, j)-th entry

Lij =
{

di − wii, if i = j
−wij , otherwise

, (20)

di =
∑

j wij , and wij is the similarity between xi and xj .
There have been many methods to compute wij , some of the
representative ones are listed below

1. Unweighted k-Nearest Neighborhood Similarity (Belkin
& Niyogi, 2004): The similarity between xi and xj is 1 if
xi is in the k-nearest neighborhood of xj or xj is in the k-
nearest neighborhood of xi, and 0 otherwise. k is the only
hyperparameter that controls this similarity. As noted by
(Zhu et al, 2003), this similarity has the nice property of
“adaptive scales”, since the similarities between pairwise
points are the same in low and high density regions.

2. Unweighted ε-Ball Neighborhood Similarity: The simi-
larity between xi and xj is 1 if for some distance function
d(·), d(xi,xj) � ε. ε is the only hyperparameter control-
ling this similarity, which is continuous.

3. Weighted tanh Similarity (Zhu et al, 2003): Let dij be
the distance between xi and xj , then the tanh similarity
between xi and xj can be computed by

wij =
1
2
(tanh(α1(dij − α2)) + 1)
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The intuition is to create a soft cutoff around length α2, so
that similar examples (presumably from the same class)
have higher similarities and dissimilar examples (presum-
ably from different classes) have lower similarities. The
hyperparameters α1 and α2 controls the slope and cutoff
values of the tanh similarity respectively.

4. Weighted Exponential Similarity (Shi & Malik, 2000;
Belkin & Niyogi, 2003; Zhu et al, 2003): Let dij be the
distance between xi and xj , then the tanh similarity be-
tween xi and xj can be computed by

wij = exp

(
−d2

ij

σ

)
, (21)

which is also a continuous weighting scheme with σ con-
trolling the decay rate.
In this paper we have preferred the weighted exponen-

tial similarity because (1) it is simple and has widely been
applied in many fields; (2) It is proved that under certain
conditions, such a form of wij to determine the weights on
graph edges leads to the convergence of graph Laplacian
to the Laplace Beltrami operator (Belkin & Niyogi, 2005;
Hein et al., 2005), and the Euclidean distance is selected as
the method for computing dij .

Clustering with Local and Global Regularization

Combining the local and global regularization criterions in-
troduced above, we can derive the clustering criterion as

minq J = Jl + λJg =
C∑

c=1

(‖Gqc − qc‖2 + λ(qc)T Lqc
)

s.t. QT Q = I, (22)

where G is defined as in Eq.(17), and λ is a posi-
tive real-valued parameter to tradeoff Jl and Jg , Q =[
q1,q2, · · · ,qC

]
. Note that we have relaxed the constraints

on Q such that it only needs to satisfy the semi-orthogonality
constraint. Then the objective that we aims to minimize be-
comes

J = Jl + λJg

=
C∑

c=1

[
‖Gqc − qc‖2 + λ(qc)T Lqc

]

=
C∑

c=1

[
(qc)T

(
(G − I)T (G − I) + λL

)
qc

]
= trace

[
QT

(
(G − I)T (G − I) + λL

)
Q

]
,(23)

Therefore we should solve the following optimization prob-
lem

minQ J = trace
[
QT

(
(G − I)T (G − I) + λL

)
Q

]
s.t. QT Q = I, (24)

From the Ky Fan theorem (Zha et al, 2001), we know the
optimal solution of the above problem is

Q∗ = [q∗
1,q

∗
2, · · · ,q∗

C ]R, (25)

Table 2: Clustering with Local and Global Regularization
Input:

1. Dataset X = {xi}n
i=1;

2. Number of clusters C;
3. Size of the neighborhood K;
4. Local regularization parameters {λi}n

i=1;
5. Global regularization parameter λ;

Output:
The cluster membership of each data point.

Procedure:
1. Construct the K nearest neighborhoods for each

data point;
2. Construct the matrix P using Eq.(17);
3. Construct the Laplacian matrix L using Eq.(20);
4. Construct the matrix M = (P − I)T (P − I) + λL;
5. Do eigenvalue decomposition on M, and construct

the matrix Q∗ according to Eq.(25);
6. Output the cluster assignments of each data point

by properly discretize Q∗.

where q∗
k (1 � k � C) is the eigenvector corresponds to the

k-th smallest eigenvalue of matrix (G− I)T (G− I) + λL,
and R is an arbitrary C × C matrix. Hence the optimal
solution to the above optimization problem is not unique,
it is a subspace of matrices which is usually referred to as
Grassman manifold. Then what we should really find is
a scaled cluster assignment indication matrix Q∗ together
with a rotation matrix R such that Q∗R is close to a true
discrete scaled cluster assignment indication matrix, in that
way, the resultant cluster assignment matrix P will be close
to the true discrete cluster assignment indication matrix. To
achieve this goal, we will adopt the method proposed in (Yu
& Shi, 2003) in our experiments.

From another point of view, what CLGR do is just cluster-
ing with a hybrid of different types of regularizations. The
feasibility of such kind of methods has been discussed by
(Zhu & Goldberg, 2007) and attempted by (Chapelle et al,
2006) in the semi-supervised learning fields. However, as
far as we know there is little work towards such direction in
the unsupervised learning field.

The algorithm flowchart of CLGR is summarized in table
2.

Experiments

In this section, experiments are conducted to empirically
compare the clustering results of CLGR with some other
clustering algorithms on 4 datasets. First we will briefly in-
troduce the basic information of those datasets.

Datasets

We use four real world datasets to evaluate the performances
of the methods. Table 3 summarizes the characteristics of
the datasets.

The UMIST dataset contains the face images of 20 differ-
ent persons. The USPS dataset contains a subset of the fa-
mous USPS handwritten digits dataset, which contains the
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Table 3: Descriptions of the datasets
Datasets Sizes Classes Dimensions
UMIST 575 20 1024
USPS 3874 4 256

Newsgroup 3970 4 1000
WebACE 2340 20 1000

image samples of digits 1,2,3,4. The Newsgroup dataset
is the classes autos, motorcycles, baseball and hockey of
the Newsgroup20 dataset and the WebACE dataset contains
2340 documents consisting news articles from Reuters new
service via the Web in October 1997. For the last two text
datasets, we have selected the top 1000 words by mutual in-
formation with class labels.

Evaluation Metrics

In the experiments, we set the number of clusters equal to the
true number of classes C for all the clustering algorithms. To
evaluate their performance, we compare the clusters gener-
ated by these algorithms with the true classes by computing
the following two performance measures.

Clustering Accuracy (Acc). The first performance measure
is the Clustering Accuracy, which discovers the one-to-one
relationship between clusters and classes and measures the
extent to which each cluster contained data points from the
corresponding class. It sums up the whole matching degree
between all pair class-clusters. Clustering accuracy can be
computed as:

Acc =
1
N

max

⎛
⎝ ∑

Ck,Lm

T (Ck,Lm)

⎞
⎠ , (26)

where Ck denotes the k-th cluster in the final results, and Lm

is the true m-th class. T (Ck,Lm) is the number of entities
which belong to class m are assigned to cluster k. Accuracy
computes the maximum sum of T (Ck,Lm) for all pairs of
clusters and classes, and these pairs have no overlaps. The
greater clustering accuracy means the better clustering per-
formance.

Normalized Mutual Information (NMI). An other evalu-
ation metric we adopt here is the Normalized Mutual Infor-
mation NMI (Strehl & Ghosh, 2002), which is widely used
for determining the quality of clusters. For two random vari-
able X and Y, the NMI is defined as:

NMI(X,Y) =
I(X,Y)√
H(X)H(Y)

, (27)

where I(X,Y) is the mutual information between X and
Y, while H(X) and H(Y) are the entropies of X and Y
respectively. One can see that NMI(X,X) = 1, which
is the maximal possible value of NMI. Given a clustering

Table 4: Clustering accuracy results

.

UMIST USPS Newsgroup WebACE
KM 0.4365 0.7423 0.3228 0.3120
SC 0.6433 0.9342 0.5235 0.4561

CPLR 0.6897 0.9330 0.5425 0.5531
CLGR 0.7124 0.9553 0.5796 0.5831

Table 5: Normalized mutual information results

.

UMIST USPS Newsgroup WebACE
KM 0.6479 0.8523 0.2014 0.1445
SC 0.7620 0.9716 0.4978 0.3887

CPLR 0.7963 0.9649 0.5012 0.4776
CLGR 0.8003 0.9801 0.5231 0.5074

result, the NMI in Eq.(27) is estimated as

NMI =

∑C
k=1

∑C
m=1 nk,mlog

(
n·nk,m

nkn̂m

)
√(∑C

k=1 nklog nk

n

) (∑C
m=1 n̂mlog n̂m

n

) ,

(28)
where nk denotes the number of data contained in the cluster
Ck (1 � k � C), n̂m is the number of data belonging to the
m-th class (1 � m � C), and nk,m denotes the number of
data that are in the intersection between the cluster Ck and
the m-th class. The value calculated in Eq.(28) is used as
a performance measure for the given clustering result. The
larger this value, the better the clustering performance.

Comparisons and Parameter Settings

We have compared the performances of our method with
three other clustering approaches, namely K-means (KM),
Spectral Clustering (SC) (Shi & Malik, 2000), and Cluster-
ing with Pure Local Regularization (CPLR), i.e., clustering
just by minimize Jl in Eq.(15).

For CLGR and SC, the weights on data graph edges
are computed by Gaussian functions, and the variance of
which is determined by local scaling(Zelnik-Manor & Per-
ona, 2005). All local regularization parameters {λi}n

i=1 are
set to the same in CPLR and CLGR, which is determined by
searching the grid {0.1, 1, 10}, and the neighborhood size
is set by searching the grid {20, 40, 80}. The global regu-
larization parameter λ in CLGR is set by searching the grid
{0.1, 1, 10}. For SC, CPLR, CLGR, we adopt the same dis-
cretization method as in (Yu & Shi, 2003) since it shows
better empirical results.

Experimental Results

The final clustering results are shown in table 4 and table
5, from which we can see that CLGR outperforms all other
three clustering methods on these four datasets, which sup-
ports the assertion that combining both local and global in-
formation in clustering can improve the clustering results.
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Conclusions

In this paper, we derived a new clustering algorithm called
clustering with local and global regularization. Our method
preserves the merit of local learning algorithms and spectral
clustering. Our experiments show that the proposed algo-
rithm outperforms some of the state of the art algorithms on
many benchmark datasets. In the future, we will focus on
the parameter selection and acceleration issues of the CLGR
algorithm.
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