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Abstract 

Prime implicates have become a widely used tool 
in AI. The prime implicates of a set of clauses 
can be computed by repeatedly resolving pairs of 
clauses, adding the resulting resolvents to the set 
and removing subsumed clauses. Unfortunately, 
this brute-force approach performs far more res- 
olution steps than necessary. Tison provided a 
method to avoid many of the resolution steps and 
Kean and Tsiknis developed an optimized incre- 
ment al version. Unfortunately, both these algo- 
rithms focus only on reducing the number of reso- 
lution steps required to compute the prime impli- 
cates. The actual running time of the algorithms 
depends critically on the number and expense of 
the subsumption checks they require. This paper 
describes a method based on a simplification of 
Kean and Tsiknis’ algorithm using an entirely dif- 
ferent data structure to represent the data base 
of clauses. The new algorithm uses a form of dis- 
crimination net called tries to represent the clausal 
data base which produces an improvement in run- 
ning time on all known examples with a dramatic 
improvement in running time on larger examples. 

1 Introduction 

Prime implicates have become a widely used tool in AI. 
They can be used to implement ATMSs [9], to charac- 
terize diagnoses [2], to compile formulas for TMSs [3], 
to implement circumscription [5; 81, to give but a few 
examples. The prime implicates of a set of clauses can 
be computed by repeatedly resolving pairs of clauses, 
adding the resulting resolvents to the set and remov- 
ing subsumed clauses. Unfortunately, this brute-force 
approach performs far more resolution steps than nec- 
essary. Tison [lo] provided a method to avoid many of 
the resolution steps and Kean and Tsiknis [B] give an 
optimized incremental version. Both algorithms pro- 
vide a significant advance as they substantially reduce 
the number of resolution steps required to compute the 
prime implicates of a set of clauses. 

Unfortunately, both algorithms focus only on reduc- 
ing the number of resolution steps required to com- 
pute the prime implicates. The actual running time 
of the algorithm also depends critically on the number 
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and expense of the subsumption checks they requires. 
Reducing the number of resolutions certainly reduces 
the number of subsumption checks required. However, 
the number of subsumption checks required grows (see 
analysis in Section 3.2 and data in Section 4) faster 
than the square of the final number of prime impli- 
cates. As a result both algorithms are impractical on 
all but the tiniest examples. 

Neither algorithm [6; lo] indicates how subsumption 
is to be performed, and any prime implicate algorithm 
is incomplete without such a specification. This paper 
proposes a method based on a simplification of Kean 
and Tsiknis’ algorithms using an entirely different data 
structure to represent the data base of clauses in order 
to facilitate subsumption checking. This data struc- 
ture is called trie [7] which has been explored exten- 
sively for representing dictionaries of words. (Tries are 
also used in ATMS implementations [l] to store the 
nogood data base.) Using tries to represent the data 
base dramatically improves the performance of prime 
implicate algorithms. The data in Section 4 shows that 
we can now construct the prime implicates for a much 
larger set of tasks. 

Admittedly, no amount of algorithmic improvement 
can avoid the complexity produced by the sheer num- 
ber of prime implicates. The number of prime impli- 
cates for many tasks grows relatively quickly so the ap- 
proach is impractical for many applications. However, 
we can now conceive of computing prime implicates for 
applications impossible to before. 

2 A brute-force algorithm 

The key step in computing prime implicates consists 
of a resolution rule called consensus[6; 9; lo]. Given 
two clauses: 

‘XW, 

where x is a symbol and ,0 and y are (possibly empty) 
disjunctions of literals, the consensus of these two 
clauses with respect to x is the clause, 

WY, 

with duplicate literals removed. If the two clauses have 
more than one pair of complementary literals, then the 
consensus would contain complementary literals and is 
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discarded (since it is a logical tautology). The prime 
implicates of a set of clauses can be computed by re- 
peatedly adding the consensus of any pair of clauses to 
the set and continually removing all subsumed clauses 
(until no further consensus and subsumption is possi- 
ble). 

The following algorithm finds the prime implicates 
of a set of clauses &: 

ALGORITHM BRUTE-FORCE(&) 

1. Let P (the result) be {}. 

2. Take the first clause q off of &. If none we are done. 

3. If q is subsumed by any clause of P, then go back to 
step 2. 

4. 

5. 

6. 

7. 

3 

Remove all clauses of P which are subsumed by q. 

Try to compute the consensus of q and every clause 
in P. Whenever the consensus exists, add it to &. 

Add q to P. 

Go to step 2. 

Improving efficiency 

The algorithm presented in Section 2 is intuitively ap- 
pealing but quite inefficient in practice. Construct- 
ing prime implicates is known to be NP-complete and 
therefore it is unlikely any really good algorithm ex- 
ists. Nevertheless we can do dramatically better than 
the algorithm of Section 2. Through logical analysis we 
can eliminate a large number of the redundant consen- 
sus calculations. We can redesign the data structures 
to support addition and deletion of clauses relatively 
efficiently. 

3.1 A more efficient eon~en~u~ algorithm 

When one observes the behavior of BRUTE- 
FORCE, almost all the clauses produced by the con- 
sensus calculation are subsumed by others. One reason 
for this is somewhat obvious: the consensus operation 
is commutative and associative when the consensi all 
exist (usually the case). For example, if we have three 
clauses a, /3 and y, consensus(a,consensus(p,Y)) = 
consensus(consensus(cr , p>, y)). For 3 clauses 
BRUTE-FORCE finds the same result in 3 distinct 
ways. Unfortunately, the number of ways to derive 
a result grows exponentially in the number of clauses 
used to produce the final result. 

Tison [6; 101 introduced the following key intuition 
which suppresses the majority of the consensus calcu- 
lations. To compute the prime implicates of a set of 
clauses, place an ordering on the symbols, then iterate 
over these symbols in order, doing all consensus calcu- 
lations with respect to that symbol only. Once all the 
consensus calculations for a symbol have been made 
it is never necessary to do another consensus calcula- 
tion with respect to that symbol even for all the new 

AvB 

Figure 1: Tison’s Method 
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consensus results which are produced later (of course, 
when the user incrementally supplies the next clause 
the symbols must be reconsidered). Figure 1 provides 
a simple example. Suppose we are given clauses A V B, 
43 V C and +Z’ V D. The symbols are ordered: A, B 
and C. There are no consensus calculations available 
for A. There is only one (at 1 in the figure) consen- 
sus calculation available for B (on the first and second 
clauses). Finally, when processing C there are two (at 
2 and 3 in the figure) consensus calculations available. 
One of those consensus calculations produces 1B V D. 
Although this resolves with the first original clause, 
Tison’s method tells us the result will be irrelevant be- 
cause all the useful consensus calculations with respect 
to B have already been made. 

The following algorithm incorporates this ideas. The 
algorithm U?IA (this derives from the incremental Ti- 
son method presented 
a current set of prime 
clauses to add. - 

and proved correct in [6]) takes 
implicates N and a set S of new 

ALGORITHM IPIA(N,S) 

1. Delete any D E N U S that is subsumed by another 
D’ E N u S. 

2. Remove a smallest C clause from S. If none, return. 

3. For each literal 1 of C, construct l& which contains 
all clauses of N which resolve successfully with 6. 

4. Let C be the set containing C. 

5. Perform the following steps for each literal I of C. 

(a) For each clause in C which is still in N compute 
the consensus of it and every clause in l& which 
is still in N. 

(b) For every new consensus, discard it if it has been 
subsumed by N U S. Otherwise, remove any 
clauses in N US subsumed by it. Add the clause 
to N and C. 

algorithm to the previous one we see 
consensus computations are avoided: 

Comparing this 
that a great many 
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l Consensus calculations with respect to a literal ear- 
lier in the order are ignored. 

o Two clauses produced in the same main step (choice 
of C) are never resolved with each other. 

l Consensus calculations with a D in the original N 
are ignored unless the consensus of D and C exists. 

3.2 Implementing subsumption checking 
efficiently 

Thus far we have been analyzing the logic of the prime 
implicate algorithms in order to improve their effi- 
ciency. However, all the algorithms we know of depend 
critically on subsumption checking and unless that is 
properly implemented all the CPU time will be spent 
checking subsumption. 

A key observation is that we are maintaining a data 
base of unsubsumed clauses. We need to implement 3 
transactions with this data base. 

1. Check whether clause x is subsumed by some clause 
of the data base. 

2. Add clause x to the data base. 

3. Remove all clauses from the data base which are 
subsumed by x. 

To understand some of the complexities, consider the 
most obvious implementation: We could implement 
the subsumption check by a subset test and maintain 
the data base as a simple list. Using lists makes check- 
ing for subsumption of order the number of clauses, 
and thus the complexity of generating k prime impli- 
cates at least k2 which is unacceptable. 

Our implementation is based on an integration of 
two ideas. First, each clause is always represented in a 
canonical form. Second, the clause data base is repre- 
sented as a discrimination tree. To achieve a canonical 
form for clauses we assign a unique integer id to each 
symbol. We order the literals of every clause in as- 
cending order of their ids. (Complementary literals 
have the same id, but they can never appear in the 
same clause as this would produce a tautology.) This 
means that two sets of literals refer to the same clause 
if their ordered lists of literals are identical. For exam- 
ple, given symbols A, B and C with id’s 1, 2 and 3, 
the clause, 

AvBvC 

is represented by the list, 

[A, B, Cl. 

The representation of clauses is sensitive on the choice 
of id’s. If the id’s were 3, 1, 2 respectively, then the 
clause would be represented by the list, 

[B&A]. 

This also makes it possible to test whether a clause of 
length n subsumes a clause of length m in at most 
n + m comparisons. However, our algorithm never 

Figure 2: Data base with 3 clauses. 
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checks whether one clause subsumes another. Instead, 
our algorithm stores the canonical forms of clauses in 
a discrimination tree (or trie [7]). By storing canoni- 
cal forms in a trie and a single clause can be checked 
against all existing clauses in a single operation. 

The trie for clauses is relatively simple. Conceptu- 
ally, it is a tree, all of whose edges are literals and 
whose leaves are clauses. The edges below each node 
in the trie are ordered by the id of the literal. Suppose 
that A, B, C, D and E are a sequence of nodes with 
ascending id’s and the data base contains the three 
clauses: 

AvBvC, 

B v D, 

AVD. 

The resulting tree is illustrated in Figure 2. Because 
clauses are canonically ordered, our tries have the ad- 
ditional important property that the id of any edge is 
less than the id of any edge appearing below it at any 
depth. This property is heavily exploited in the update 
algorithms which follow. 

The most commonly called procedure checks 
whether a clause is subsumed by one in the data base. 
Given an ordered set of literals, the recursive function 
SUBSUMED? checks whether the set of literals L is 
subsumed by trie N. The ordered literals are repre- 
sented as an ordered list, and the trie by an ordered 
list of edges. 

ALGORITHM SUBSUMED?(L, N) 

1. 

2. 

3. 

4. 

If N is a terminal clause, return success. 

Remove literals from the front of L until the id of 
the first edge of N is greater than that of the first 
literal of L. 

If no literals remain (L is empty), return failure. 

For each literal I of L do the following until success 
or the id of the first edge of N is no longer greater 
than that of I. 
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(a) If the first literal of N is I, recursively invoke 
SUBSUMED? on the remaining literals and 
the edges below the first element of N. 

(b) If the recursive call returns success, return suc- 
cess. 

5. Remove the first element of N. 

6. Go to Step 2. 

Suppose we want to check whether D V E is sub- 
sumed by the data base of Figure 2. The root of the 
trie has 2 outgoing edges, A and B. D has a larger id 
than the top two edges of the trie (A and B), therefore 
SUBSUMED? immediately reports failure. Suppose 
we want to check whether A V B V D is subsumed by 
the trie. The first edge from the root matches the first 
literal, so the recursive call tries to determine whether 
the remaining subclause B V D is subsumed by the 
trie rooted from the edge below A. Again B matches, 
but D does not match C so the two recursive calls 
to SUBSUMED? fail. Finally, the top-level invo- 
cation of SUBSUMED? again recursively calls itself 
and finds a successful match. 

Adding a clause to the data base is very simple. Our 
algorithm exploits the fact that the clause to be added 
is not itself subsumed by some other clause, and that 
any clause it subsumes has been removed from the data 
base. 

ALGORITHM ADD-TO-TRIE(L, N) 

1. 

2. 

3. 

Remove edges of the front of N, until the id of the 
first edge of N is greater or equal to the first literal 
of L. 

If the label of the first edge of N is the same as 
that of L, recursively call ADD-TO-TRIE with 
the remainder of L, the edges underneath the first 
edge of N and return. 

Construct the edges to represent the literals of L and 
return, and side-effect the trie such that it appears 
just before the current position N. 

The potentially most expensive operation and the 
one which requires the greatest care is the third basic 
update on the trie. Here we are given a clause, not 
subsumed by the trie and we must remove from the 
trie all clauses subsumed by it. 

ALGORITHM REMOVE-SUBSUMED(L, N) 

1. If there are no literals, delete the entire trie repre- 
sented by N and return. 

2. If we are at a leaf of the trie, return. 

3. For 

(a) 

each edge e of N, do the following. 

If the label of e is the first literal of L, then re- 
cursively call REMOVE-SUBSUMED with 
the rest of the literals and the edges below e. 

Figure 3: Trie with 2 clauses. 

AvBvC 
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(b) If the label of e is lower than that of the first 
literal of L, then recursively call 
SUBSUMED on the same literals but the 
edges below e. 

As an extreme case suppose we want to remove all 
clauses subsumed by D from Figure 2. Because D 
is last in the ordering, the algorithm simply searches 
in left-to-right depth-first order removing all clauses 
containing D. After adding the clause D, the resulting 
trie is illustrated by Figure 3. 

4 esults 

Table 1 table summarizes the performance improve- 
ment of IPIA produced using a trie. Each line of the 
table lists the name of the task, the number of clauses 
which specify the problem, the number of prime im- 
plicates of these clauses, the number of subsumption 
checks the non-trie version of II?IA requires, the run- 
ning times of the two algorithms, the average fraction 
of the trie searched during subsumption checks, the 
fraction of resolvents which are not subsumed by the 
trie, and the number of non-terminal nodes in the final 
trie. The timings are obtained on a Symbolics XL1200. 
The Lisp code is not particularly optimized as it is de- 
signed for a text book [4]. 

The non-trie version of IPIA is so slow that it is not 
possible to actually time its performance on larger ex- 
amples. We instrumented the trie version to estimate 
the number of subsumption checks that would have to 
be made by assuming that, on average, each subsump- 
tion check would check ha1 f of the current clauses. In 
all the cases we have tried, this estimate is within 25% 
of the actual number of subsumption checks so this 
estimate seems fairly reliable. We estimate the tim- 
ing of the non-trie version using 10 microseconds per 
subsumption check which is the fastest we’ve ever seen 
the non-trie algorithm perform. The implementation 
is written in basic Common Lisp and runs in Lucid 
and Franz as well. Both the code and the examples 
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Subsumption Fraction Fraction Trie 
Task Clauses PIS Checks t-list(s) t-TRIE(s) Searched New Size 

Two-Pipes 54 88 13124 .22 .06 .081 .50 54 
Adder 50 8400 3.8 x lOlo* 3.8 x 105* 721 .009 16207 

K33 9 73 5166 .12 .03 .123 1 24 
K44 16 641 506472 5.5 .46 .031 1 160 
K55 25 7801 9.1 x 10”” 900” 8.6 .003 1 1560 
K54 20 1316 1730120 22.6 1.1 1 263 
K66 36 117685 2.4 x lOlo* 2.4 x 105* 224 1 
K67 42 823585 1.3 x lo=* 1.4 x lolo* 2541 1 137264 

Regulator 106 2814 3.7 x 1oy* 3.7 x 104* 85 .06 1365 
BD 151 1907 1.1 x 109” 1.1 x 104’ 38 .067 2493 

Table 1: Comparison of the old and improved algorithms. “*” indicates estimates. 

are available from the author. 
Table 1 clearly indicates the dramatic performance 

achievement produced using a trie data structure to 
represent the clausal data base. The actual IPIA al- 
gorithm in [6] includes additional optimizations to the 
version we have presented in this paper. Those opti- 
mizations reduce the number of resolutions and sub- 
sumption checks. However, these optimizations entail 
additional bookkeeping and are known to produce in- 
correct results in some cases. Therefore, we restrict 
our comparison to the basic version of IPIA. 

The tasks labeled “Two-Pipes” and “Regulator” 
come from qualitative physics. The tasks labeled 
“Adder” and “BID” come are diagnosis problems. The 
tasks labeled “K”nm are taken from [6]. 

The analysis clearly shows that the trie-based algo- 
rithm yields substantial improvement in all cases. The 
final columns in the table provide some insight into 
why performance improves so dramatically. One hy- 
pothesis for the good performance is that most new 
clauses are subsumed by others and therefore imme- 
diately found in the trie and that the data structure 
would perform poorly if there were few subsumptions. 
The data does not substantiate this intuition. The col- 
umn labeled “Fraction New” indicates the fraction of 
the new clauses which are not subsumed by the cur- 
rent trie. We see even in the worst case where the 
new clause is never subsumed, that the trie-based al- 
gorithm is far superior. The column labeled “Frac- 
tion Searched” shows the average fraction of the non- 
terminal nodes in the trie actually searched. This data 
suggests that the central advantage of using tries is 
that subsumption checks need only examine a small 
fraction of trie. 

We have attempted to invent tasks which would de- 
feat the advantage of using tries and have not been able 
to find any. Tries would perform poorly for a task in 
which all subsumption checks failed and all the nodes 
in the trie have to be scanned for each failing sub- 
sumption check. To achieve this the trie would have to 
contain a very high density of clauses. It is difficult to 
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devise an initial set of clauses whose prime implicates 
densely populate the space. Moreover, the fact that 
clauses resolve with each to produce new ones means 
that if the clause set becomes too dense the clause set 
is likely to be reduced by subsumptions (a dense clause 
set is also likely to be inconsistent). 

The performance of the trie-based IPIA is relatively 
sensitive to the choice of ids (although performance is 
always much better than the non-trie version). The 
choice of ids affects the canonicalized forms of the 
clauses and hence the size of the trie. To lower the 
size of the trie, the most common symbols should have 
lower id. Although it is impossible to tell initially 
which symbols will occur more commonly in the prime 
implicates, we use the number of occurences in the ini- 
tial clause set as a guide. IPIA performs noticably 
better if less common symbols are processed first (i.e., 
in steps 2 and 5). 
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