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Abstract the basis of the input acoustic features A: 

Automatic speech understanding and automat’ic 
speech recognition extract different kinds of infor- 
mation from the input signal. The result of the 
former must be evaluated on the basis of the re- 
sponse of the system while the result of the latter 
is the word sequence which best matches the input 
signal. In both cases search has to be performed 
based on scores of interpretation hypotheses. 
A scoring method is presented based on stochastic 
context-free grammars. The method gives optimal 
upper-bounds for the computation of the %est8” 
derivation trees of a sentence. This method allows 
language models to be built based on stocha.stic 
context-free grammars and their use with an ad- 
missible search algorithm that interprets a speech 
signal with left-to-right or middle-out strategies. 
Theoretical and computational aspect,s are dis- 
cussed. 

Pr(a 1 A) = Pr(A 1 a) Pr(a)Pr(A)-1 (1) 

A possible criterion to decide when a solution is op- 
tinlal is based on the maximization of (l), that is the 
same as maximizing the following OF: 

f(a) = Pr(A 1 a) Pr(a) (2) 
where the first factor Pr(A 1 (T) is given by the 
acoustic model, usua.lly Hidden Markov models, while 
Pr(a) computation is based on the stochastic language 
moclel. 

Introduction 
In Automatic Speech Recognition (ASR) and Aut,o- 
matic Speech Understanding (ASU) systems, models 
based on Context-Free Grammars (CFGs) have been 
proved effective both in pruning impossible sentences 
and in predicting a list of words that. can possibly 
expand a partially recognized sentence. Moreover, 
stochastic language models can give a probabilistic de- 
scription of the sentence distribution. This informat,ion 
can be used both in an Optimization Function (OF) to 
decide when a solution is optimal, and in a. Scormg 
Function (SF) to guide the search at each expansion 
step. In order to give this probabilistic description 
CFGs can be extended into Stochastic CFGs (SCFGs). 
Formal description of SCFGs will be given in the next 
section. Given a stochastic language model, the Bayes 
rule permits rewriting the conditioned probability of 
the solution u, represented by a sequence of words, on 

ASU differs from ASR because it has to produce 
a response action rather than a sequence of recog- 
nized words. The choice of this action is performed 
by processing the most likely interpretation of the in- 
put, which for SCFGs is given by the most probable - 
derivation corresponding to the sequence of words u. 
Therefore, while in ASR systems Pr(a) represents the 
probabilit,y of the sequence of words 0, i.e. the sum of 
the probabilities of all the derivations associated to (T, 
in ASU systems Pr(c) should be the probability of the 
most likely derivation of CT, i.e. the maximum of the 
probabilities of the derivations associated to 0. 

Two different SFs must be used in the two cases. In 
general, if a search strategy like A* is used, a scoring 
function is defined on a partially recognized sentence 
o’p and is required to be an upper-bound of the values 
of the OF on all the complete solutions that can be 
derived from it. Scores for the ASR approach are pre- 
sented in [Corazza et al., 1991a]. In this paper we are 
proposing a SF for the case in which the OF associates 
to each sequence of words its best derivation. Such a 
scoring is obtained by: 

s(“,) = sl(A I~pb2(5) (3) 
where s1(,4 I up) is an upper-bound on Pr(A I a) and 
can be obt,ainecl as will be briefly discussed in the last 
section, while sz(~~>) is the proba.bility of the best com- 
plete derivation tree that can derive op. 

*The work presented here is part of MAlA, the int,e- 
grated AI project under development at. 1stitut.o per la 
Ricerca Scientifica e Tecnologica (IRST). 

In the following sections the computation of s2 is 
studied for partial solutions derived by left-to-right as 
well as middle-out parsing strategies. In the last sec- 
tion we argue tha.t this upper-bound is optimal and we 
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compare it with upper-bounds proposed in the litera.- 
ture for ASR, showing that our approach results in a 
more feasible computation. 

Background 
In this section basic definitions and notation adopted 
in this paper are introduced. Let A be a gene& set 
of symbols. A string u over A is 
symbols from A; we 

a finite sequence of 
write 1~1 to denote the leugth of u. 

The null string E is the (unique) string whose length 
equals zero. Let u = zu1 . . . wra, n > 1; we write rl-:U and 
u:k, 0 < k < n, to denote the prefix string w1 . . . wk 
and the sujj?x string w,+k+l . . . wn respectively. 

The set of all strings over A is denoted A* (E in- 
cluded). Let u and v be two strings in A*; uv denotes 
the concatenation of u and v (u before v). The con- 
catenation is extended to sets of strings in the following 
way. Let L1, L2 E A*; uL1 denotes {;L 1 x = UP, y E 
Ll), Llu denotes {x 1 x = yu, y E Ll} and L1 L:! 
denotes (x 1 x = yz, y E L1, z E L2). 

A SCFG is a 4tuple G, = (N, C, P, , S), where N is 
a finite set of nonterminal symbols, C is a. finite set 
of terminal symbols such that N n C = 0, S E N is a 
special symbol called start symbol and P, is a finite set 
of pairs (p, Pr(p)), where p is a production and Pr(p) is 
the probability associated to p in 6,. Productions a.re 
represented with the form H - y, H E N, y E (N U 
Cl”, and symbol P denotes the set of all productions in 
P’. As a convention, productions which do not belong 
to P have zero probability. We assume G, to be a 
proper SCFG, that is the following relation holds fol 
every H in N: 

x Pr(H + y) = 1. (4) 
rE(NuC)’ 

The grammar G, is in Chomsky Normal Form (CNF) if 
all productions in P have the form H - F’I I;; or H - 
w, where H, 8’1, F2 E N, w E C. Without loss of gen- 
erality, we assume in the following that G, is in CNF; 
for convenience, we also assume N = {HI, . . . , HlN 1) , 
Hl = s. 

The definition of derivation in a SCFG, can be found 
in the literature on formal langua.ges (see for exa.m- 
ple [Gonzales and Thomason, 1978], [Wetherell, lOSO]). 
Let y be a string in (N u C)“. A derivation in G, of 
y from a nonterminal H is represented as a derivation. 
tree, indicating all productions that have been used in 
the derivation (with repetitions). We write H(y) to 
denote the set of all such trees. Let r be a. deriva- 
tion tree in H(r); Pr(r) is the probability of r, and is 
obtained as the product of probabilities of a.11 produc- 
tions involved in r (with repetitions). The operator 
Pm, defined as follows, is introduced: 

Pm(H(L)) = T~H~LI{prw~. (5) 

Let L be a string set, L & (N U C)* . We generalize 
the preceding notation and write H(L) to represent the 

set of all derivation trees with root H and yield in L; 
Pm(H(L)) ’ tl 1s le maximum among probabilities of all r 
in H(L) . In this paper we will develop a framework for 
the computation of Pm( H (L)) for L = {u}, L = UC* 
and L = C*uC*, where u is a given string over C. 
As discussed in the introduction, these quantities can 
be used as upper-bounds in the search for the most 
likely complete derivation for the input signal. Due 
to space constraints, only the highlights of the theory 
are presented in this paper. A complete description 
a.long with formal proofs can be found in [Corazza et 
id., 19911. 

Let A and f.3 be two sets; we write A - 8 to denote 
the asymmetric set-diflerence between A and B, that 
is the set {x I x E A, x ft B} Let Ml be an m x n array 
and let n/12 be an n x p array; a binary operation 8 is 
defined a.s follows: 

[Ml 0 A&][i, j] = l~-fyn{M&k] - M2[kj]}. (6) 

Let Ad be a 1 x 11. arra, aid Z be a subset of (1, .., n}; 
we define argmax{ AI, 2) to be the set {i I M[i] 2 
AI[k], b E 2). If A4 is an m x n array, we extend 
the notation to M[i], the i-th row of A4, in the fol- 
lowing way. Let Z C {l,.., m} x (1,. . . ,n}; we de- 
fine argmax{M[i],Z} to be the set {(;,j) I IU[i,j] 2 
Af[i, h], (i, h) E Z}. 

Off-line computations 
Some of the expressions required for computing the 
“best” derivation probability of a sentence partial in- 
terpretation do not depend on the input string, but 
only on the grammar; therefore these terms can be 
computed once for all. Methods for the computation 
of these quantities are studied in the following. The 
basic idea is to use a “dynamic programming” tech- 
nique which is reminiscent of the well-known methods 
for removing useless symbols from a context-free gram- 
n1a.r (see for example [Harrison, 19781). A summary of 
these quantities is schematically depicted in Figure 1. 

Hi 

~~$iJ 
z:* 

~~ 
. . . . . . . . . . . . ..S.i . . . . . . . . . . . 

z* c* c* 

Figure 1: Summ.ary of the quantities computed off-line. 

Computation of upper-bounds for a gap 
As a first step we consider the set of all derivation trees 
wllose root is Hi and whose yield is a terminal string. 
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Let us define an INI x 1 array MS such that 

M,[i] = Pm(Hi(C*)). (7) 

The elements of MS can be computed as follows. Let 
r be a derivation tree such that a path from its root 
to one of its leaves contains more than one occurrence 
of a nonterminal Hj. Let also r’ be the derivation tree 
obtained from r by removing the subtree rooted in the 
occurrence of Hj closer to the root of T and replac- 
ing it with the subtree rooted in the occurrence of Hj 
closer to the yield of r. It is possible to show that the 
probability of r’ is strictly less than the probability of 
r. The process can be iterated, showing that every 
optimal tree has height not greater than IN]. As a sec- 
ond point, let Tk be the set of all derivation trees with 
height not greater than h. By induction on K, it is 
possible to show that within Tk a set of at least x7 trees 
{71,72, * * *, rk} is ak~~ys found, whose roots are la.beled 
by different symbols Hi,, Hi,, . . , , Hak and whose prob- 
abilities are optimal, that is these probabilities define 
the elements M,[il], M,[i2], . . . ,M,[ik] (this result. is 
proved in [Corazza et al., 19911 and is exploited in the 
following to speed-up the computation). 

A tabular method can then be used to compute array 
M,, where at the k-th iteration we consider set Tk. 
As a consequence of the two observations above, the 
method converges to MS in at most INI iterations and 
at each iteration at least one new element of array iVg 
is available (in the following the remaining elements 
are indexed by sets &). The method is defined by the 
following relations: 

(i) let Zs = (1,. . 

Ap[i] = 

Zl = 

-3 INI): 

(ii) for every k > 

Mjk)[i] = 

m$x{Pr(Hi - w)}, i E X0; 

To - argmax{@l), X0); 

2: 

I max{MjkB1)[i], “,“i”c 

Pr(Hi --, HhHli 
Mjk-l)[h]Mjk-')[I] } }, 

i E &-I; 

I A&“-‘)[i], i E 10 - Zkvl; 

2, = G-1 - argmax{fW~k-l),X~-,}. 

A closer inspection of the above relations reveals tha.t 
the computation can be carried out in a.11 amount of 
time O(]N]]PS]). 

Computation of factors for prefix and 
suffix upper-bounds 

In the next section, we will need to know the proba- 
bilities of the “optimal” derivation trees whose root is 

Finally, we consider the maximum probability of the 

Hi and whose yield is composed of a nonterminal Hj 
derivation trees whose root is Ha and whose yield is a 
nonterniinal Hj surrounded by two strings in C*; these 

followed by a string in C*. Let us define an IN] x IN] 
a.rray L, such that (see Figure 1) 

L,[i,j] = Pm(Hi(HjC*)). (8) 
Elements of the array L, can be computed using a tab- 
ular technique very similar to the one employed in the 
computation of MS, as described in the following. Let 
Tk be the set of all derivation trees in Hi(HjC*) such 
that the path from the root node Hi to the left-corner 
node Hj has length not greater than k. At the k-th 
iteration in the computation, we consider the “best” 
probabilities of elements in Tk and we are guaranteed 
to converge to the desired array L, in no more than IN] 
iterations. Moreover, at each iteration in the computa- 
tion we are guaranteed that at least IN] new elements 
of L, are available (again see [Corazza et al., 19911 for 
a forma.1 proof of this statement); the remaining ele- 
ments are recorded using sets &: this enables us to 
speed-up the computation. 

We specify in the following the relations that can be 
used in the computation of L, (note how elements of 
array A/r, are exploited): 

(i) for (i,j) E ZO, 20 = {(h, k) 1 1 5 h,k 5 INI}: 

Li’)[i, j] = m;x{Pr(Hd --+ Hj Hh)“g IhI) 
11 = zo - U argmax{ Lp)[i], Zo}; 

l<i<lNI -- 

(ii) for every k 2 2: 

Lr)[i, j] = 

ma-u{ Lr-“[i, j], “,“ix{ 

Pr(Hi - HhHl) ’ 
= Lr-‘)[h, j]A&“-“[Z] } }, 

(id) E xk-1; 

Lr-‘)[i, j], (i,j) E 10 - Zk-1. 

Zk = &-1 - u argmax{Lp-‘)[i], &-I}. 

l<i<lNI -- 

Let us consider now the maximum probabilities of 
derivation trees whose root is Hi and whose yield is a 
st,ring in the set C” Hj, that is 

L,[i, j] = Pm(Hi(C*Hj)). (9) 
A symmetrical result can be obtained for the com- 
putation of array L,. The details are omitted. As 
a final remark, we observe that the computation de- 
scribed above can be carried out in an amount of time 
wNl”lm* 
Computation of factors for island 
upper-bounds 
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probabilities will be employed in the next section in the 
computation of syntactic island upper-bounds. Let us 
define an IN] x IN] array Li such that (see Figure 1) 

Li[i, j] = Pm(Hi(C*HjC*)). W) 

In this case too, we use a tabular method and orga- 
nize the computation in such a way that the method 
converges to Li after no more than INI iterations; the 
recursive relations are a straightforwa.rd a.da.ptation of 
the relations studied for array L,: 

(i) for (i, j) E ZO, ZO = {(h, k) I 1 L k k I INI): 

Lc”[i j] a 3 = max{m;x{Pr(Hi - Hj r-I,)M,[h], 

mhx(PrW -+ HhHj)AIg[h])), 

z1 = 10 - U argmax{ Li”[i], I&J}; 
l<i<lNl -- 

(ii) for every i(: 2 2: 

LCk’[i a , j] = 

max{ Lik-‘)[i, j], 
mhy{Pr(Hi - HIHh)Lj”-l’[/, j] Mg[/l]), 

= yk{Pr(Hi + HhHl)iifg[h] I,:“-‘)[[, j]}} 
, 

(i, j) E &.-I; 

Likwl)[i, j], (i, j) E 20 - 2k-I; 

zk = it&-l - U argmax{L!“-l)[i],&-i). 
l<i<JN( -- 

As in the previous case, the corresponding compu- 
tation can be carried out in an amount of time 
w121~sl>~ 

n-line computations 
As already discussed in the introduction, we are inter- 
estesin finding the probability of an “optimal” deriva- 
tion in 6, of a sentence which includes, as a prefix or 
as an island, an already recognized word sequence 21. 
In this section we present the main result of this pa,- 
per, namely an efficient computation that results in 
such a probability. Using the adopted notation, we 
will restate the problem as one of finding the proba- 
bility of the “optimal” derivations of sentences in the 
languages UC* and C*uC*. The studied computations 
make use of some expressions introduced in the previ- 
ous section. A summary of the computed quantities is 
schematically depicted in Figure 2. 

Best derivation probabilities 
In what follows, we will need the probability of the 
most likely derivation of a given string u. Such a quan- 
tity can be computed using a proba.biIistic version of 
the Kasami-Younger-Cocke (CYK) recognizer (see for 
example[Aho and Ullman, 19721) based on the Viterbi 

~ s(“)lil ~ i(“)[il 
T.+. c” u x* 

Figure 2: Summary of the quantities computed on-line. 

algorithm, as shown in [Jelinek and Lafferty, 19911. 
The following relations describe this algorithm using 
the notation adopted in this paper. 

Let u = w1 . . . w, be a string in C” and Mb(u) be 
an IN] x 1 array such that 

hfb(u)[i] = Pr(max : Hi(u)). (11) 

It is easy to prove, by induction on the length of u, that 
tZlie following recursive relation characterizes Mb(u): 

f 
Pr(Ha - u), IUI = 1; 

A/lb(tl)[i] = 

&(t:u)[h]b&j(u:( ]UI - t))[i]}, IuI > 1. 

The computation of Mb(u) requires O(]pS]]u]3) time; 
this is also the running time for the original CYK al- 
gorithm. 

Prefix upper-bounds 
Let u = w1 . . . w, be a string in C”. We define an 
IN] x 1 array Mp(u) as follows: 

n/r,(u)[i] = Pm(Hi(uC*)). (12) 

The definition states that every element Mp(u)[i] 
equals the probability of an optimal derivation tree ri 
whose root is labeled by Hi and whose yield includes 
ZL as a prefix. The computation of such an element can 
be carried out on the basis of the following observation. 
The derivation tree ri can always be decomposed into 
trees ??i and Tij such that 7; is the least subtree of rj 
that completely dominates prefix u and rij belongs to 
Hi (C”); this is shown in Figure 3. It turns out that 
both 55 and 7;; are the optimal trees that satisfy such 
a requirement‘: Since we already dispose of the- prob- 
ability of Tij, which is element L,[i, j] defined in the 
previous section, we are left with the computation of 
probabilities of ?i for a given u and for every root node 
tij . We present some relations that can be used in 
such a computation. 

The following IN] x 1 auxiliary array is associated 
wit,11 a. string ‘11 using the probability of a SCFG G, in 
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U c* c* 

Figure 3: CompuMion of M,(u)[i]. 

Chomsky Normal Form: 

PT(Hi - u), It11 = 1; 

Gp(u)[i] = O<~p&pwi - HhW 

m(t:u)[h] Mp(u:(IuI - t))[i] }, lzcl > 1. 

Apart from the case IuI = 1, element Gp(u)[i] corre- 
sponds to the probability of optimal derivation trees 
in Ha(uC*) such that each immediate constituent of 
the root Ha spans a proper substring of u (see again 
Figure 3). The following result, which is proved 
in [Corazza et al., 19911, relates array Mp(u) to ar- 

rays Ep(u) and L,. Let the array Lb [i, j] = L,[i, j], 
i# j, and Lb[i,i] = 1, 1 5 i _< INI; then we have: 

i&(u) = LI, 8 &gu). (13) 

We observe that array 6&(u) depends upon arra.ys 
Mp( u,) for every proper suffix u, of u. Both ar- 
rays can then be computed recursively, first consid- 
ering u = wta, then using IMP (ulra) for the computa- 
tion of the arrays associated with u = ZU~,~ZD,, and 
so on. A careful analysis of the above relations re- 
veals that the overall computation can be carried out 
in time 0(max{lP,llu13, lNi21u1)). This is roughly the 
same amount of time independently required by practi- 
cal algorithms for the (partial) recognition of the string 
hypothesized so far. 

In a symmetrical way with respect to array Mp(u), 
we define an INI x 1 array M,(u): 

M,(u)[i] = Pm(Hi(C*u)). (14) 

Relations very close to the one discussed above have 
bzn studied for the computation_of an auxilia,ry array 
M,(u) such that M,(u) = L/, @ M,(u) (L: is the same 
as L, with unitary elements on the diagonal). 

Island upper-bounds 
We conclude with the problem 
ability that a nonterminal Hi 

of computing the prob- 
derives in an optimal 

way a string of terminal symbols that includes a given 

sequence u as an island. The relations reported below 
have been obtained using the same recursive technique 
that has been applied in the previous subsection. 

Given the string u = 201 . . . ZU, in C”, Ma(u) is the 
INI x 1 array defined as: 

Mi(u)[i] = Pm(Hi(C*uC*)). (15) 

Let us consider the INI x 1 auxiliary array gi(u) defined 
as follows (see Figure 4): 

Figure 4: Computatzon of Mi(u)[i]. 

I ( Pr Hi - u), IUI = 1; 

Z(u)[i] = o<~~,h,,{pr( Hi - HhHl) 
m(t:u)[h] &&-+I - t>p-J }, IUI > 1. 

Note that Ei(u) is recursively computed using arrays 
A/r, (up) and Aipius) for every proper prefix and suffix 
of u such that. u,u, = u. Finally, the matrix Mi(u) 
can be obtained as: 

Mi(U) = Li @I Z&(U). (16) 

where Li is the same as Li with unitary elements on 
the diagonal. The same computational requirements 
discussed for the prefix upper-bounds are found for the 
island upper-bounds. 

Discussion and conclusions 
Several proposals have been advanced in the ASR lit- 
erature for the use of A*-like algorithms, based on 
the integration of acoustic and syntactic upper-bounds 
to drive the search process toward both acoustically 
and syntactically promising analyses. Different degrees 
of approximation can be used in the computation of 
sl(AIop) in (3) depending on the available constraints 
on the sequences of words which can fill in the gaps. 
Of course, tighter constraints allow one to conceive a 
more informative heuristic function resulting in a more 
efficient A* algorithm. 

Syntactic upper-bounds have been recently proposed 
in [Jelinek and Lafferty, 19911 and [Corazza et al., 
1991a] that can be used in ASR to find the most plau- 
sible word sequence (T that matches the input signal. 
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This requires the maximization of the probability of 
the set of all the possible derivation trees spanning 
CT. In ASU, however, it is more interesting to find the 
most likely tree spanning c, which represents the best 
syntactic interpretation. In fact, different syntactic in- 
terpretations can support different system’s responses. 

In this paper a theoretical framework has been intro- 
duced for the computation of the latter type of syntac- 
tic upper-bounds, in case of partial analyses obtained 
by a monodirectional left-to-right parser or by a bidi- 
rectional island-driven parser. Motivations for the use 
of island-driven parsing strategies in automatic speech 
processing have been presented in [Woods, 19821. In 
fact island-driven flexibility allows the introduction of 
optimal heuristics that, when used with monodirec- 
tional parsing strategies, do not guarantee admissibil- 
ity. 

Given the optimization function corresponding to 
the greatest probability of a derivation, the proposed 
syntactic scoring function is optimal. To see this, note 
that the analysis process can be intended as a search 
on a tree in which every internal node corresponds to a. 
partial derivation and every leaf node corresponds to a 
complete derivation of a sentence in the language; for 
each internal node, its children represent the deriva.- 
tions that can be obtained from it in one parsing step. 
It can be shown (see [Nilsson, 19821) that the num- 
ber of nodes explored in such a search is the minimal 
one whenever the scoring function employed defines an 
upper-bound which is as tight as possible. The syn- 
tactic scoring function we have proposed is the best 
conceivable one: in fact, for any internal node it re- 
sults in the largest value of the optimization function 
computed on all possible solutions tl1a.t can be reached 
from that node. In comparison with ASR, note that 
the ASR scoring functions proposed in [Jelinek and 
Lafferty, 19911 and [Corazza et al., 1991a] are defined 
by the sum of the values obtained by the optimiza.tion 
function on the reachable solutions: therefore, in prac- 
tical cases these scores are far from being the tightest 
ones. Unfortunately, for the optimization functions re- 
quired in ASR cases, better scoring functions present 
serious computational problems. 

As far as efficiency is concerned, two different steps 
must be distinguished in the computation of the stud- 
ied scoring function. In a previous section some re- 
lations have been introduced that can be computed 
off-line; the computation requires an amount of time 
that is quadratic in the number of productions in G,. 
Relations introduced in a following section must be 
computed on-line, because they depend on the ana- 
lyzed string u. The best derivation probability for 
u can be computed in an O(lPllu13) amount of time, 
while the computation of prefix, suffix and island 
probabilities takes O(max{lPJju13, lPJ2ju1}) time. In 
one-word extension of a previously analyzed string u, 
the score updating takes an amount of time which is 

w-=wl142~ lmw 

Finally, the proposed framework can be straightfor- 
wardly adapted to compute upper-bounds when the 
number of words necessary to complete the sentence is 
given. In this case, upper-bounds may be closer to the 
right values. 
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