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Introduction 
In this presentation we provide a personal perspective 
of the progress made in the field of approximate rea- 
soning systems. Because of time and space limitations, 
we will limit the scope of our discussion to cover the 
most notable trends and efforts in reasoning with un- 
certainty and vagueness. The existing approaches to 
representing this type of information can be subdivided 
in two basic categories according to their qualitative or 
quantitative characterizations of uncertainty. 

Models based on qualitative approaches are usu- 
ally designed to handle the aspect of uncertainty de- 
rived from the incompleteness of the information, such 
as Reasoned Assumptions (Doyle, 1983), and Default 
Reasoning (Reiter, 1980). With a few exceptions, they 
are generally inadequate to handle the case of impre- 
cise information, as they lack any measure to quantify 
confidence levels (Doyle, 1983). A few approaches in 
this group have addressed the representation of uncer- 
tainty, using either a formal representation, such as 
Knowledge and Belief (Halpern and Moses, 1986), or 
a heuristic representation, such as the Theory of En- 
dorsements (Cohen, 1985). 

We will further limit our presentation by focusing 
on the development the quantitative approaches. Over 
the past few years, quantitative uncertainty manage- 
ment has received a vast amount of attention from the 
researchers in the field, (Shachter et al., 1990, Henrion 
et al., 1990, Bonissone et al., 1991, D’Ambrosio et al., 
1991), leading to the establishment of two well-defined 
approaches, that differ in the semantics of their numer- 
ical representation. One is the probabiZ&ic reasoning 
approach, based on probability theory. The other one 
is the possibilistic reasoning approach, based on the se- 
mantics of fuzzy sets and many-valued logics. In this 
paper we will illustrate and compare these approaches 
and we will conclude with a review of efforts aimed at 
improving their real-time performance. 

Approximate Reasoning Systems 
Reasoning systems must attach a truth value to state- 
ments about the state or the behavior of a real world 
system. When this hypothesis evaluation is not possi- 
ble due to the lack of complete and certain information, 
approximate reasoning techniques are used to deter- 

mine a set of possibilities (possible worlds) that are log- 
ically consistent with the available information. These 
possible worlds are characterized by a set of proposi- 
tional variables and their associated values. As it is 
generally impractical to describe these possible worlds 
to an acceptable level of detail, approximate reason- 
ing techniques seek to determine some properties of 
the set of possible solutions or some constraints on the 
values of such properties. The above possible-world 
interpretation for approximate reasoning systems was 
originally proposed by Ruspini (Ruspini, 1987, Rus- 
pini, 1990, Ruspini, 1991). 

A large number of approximate reasoning techniques 
have been developed over the past decade to provide 
these solutions. The reader is referred to references 
(Bonissone, 1987a, Pearl, 1988a) for a survey. We will 
now analyze the two most common approximate rea- 
soning techniques: probabilistic and possibilistic rea- 
soning. 

Probabilistic Reasoning. Probability-based, or 
probabilistic reasoning seeks to describe the con- 
straints on the variables that characterize the possible 
worlds by identifying their conditional probability dis- 
tributions given the evidence in hand. Its supporting 
formalisms are based on the concept of set-measures, 
additive real functions defined over certain subsets of 
some space. Probabilistic methods seldom make cate- 
gorical assertions about the actual state of the system 
being investigated. Rather, they indicate that there is 
an experimentally determined (or believed) tendency 
or propensity for the system to be in some specified 
state. Thus, they are oriented primarily toward de- 
cisions that are optimal in the long run, describing 
the tendency or propensity of truth of a proposition 
without assuring its actual validity. Depending on the 
nature of the information, probabilistic reasoning es- 
timates the frequency of the truth of a hypothesis as 
determined by prior observation (objectivist interpre- 
tation) or a degree of gamble based on the actual truth 
of the hypothesis (subjectivist interpretation). 

The basic inferential mechanism used in probabilistic 
reasoning is the conditioning operation. 

ossibilistic Reasoning. Conversely, possibilistic 
reasoning, which is rooted in fuzzy set theory (Zadeh, 
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1965) and many-valued logics, seeks to describe the 
constraints on the values of the variables of the possi- 
ble worlds in terms of their similarity to other sets of 
possible worlds. The supporting formalisms are based 
on the mathematical concept of set distances or metrics 
instead of set measures. These methods focus on single 
situations and cases. Rather than measuring the ten- 
dency of the given proposition to be valid, they seek to 
find another related, similar proposition that is valid. 
This proposition is usually less specific and resembles 
(according to some measure of similarity) the original 
hypothesis of interest. 

The basic inferential mechanism used in possibilis- 
tic reasoning is the generalized modus-ponens (Zadeh, 
1979), which makes use of inferential chains and the 
properties of a similarity function to relate the state of 
affairs in the two worlds that are at the extremes of an 
inferential chain. 

It should be noted that there are other interpreta- 
tions for possibilistic reasoning which are not based on 
possible-world semantics. Of special interest is Zadeh’s 
interpretation of a possibility distribution “as a fuzzy 
restriction which acts as an elastic constraint on the 
values that may be assigned to a variable” (Zadeh, 
1978). This interpretation, in conjunction with the 
linguistic variable approach (Zadeh, 1979), is the basis 
for the development of numerous fuzzy control appli- 
cations (Sugeno, 1985). . 

As a final comment regarding the proposed typol- 
ogy for approximate reasoning systems, we want to 
consider those hybrid situations which require the si- 
multaneous representation of probability and possibil- 
ity. Such cases have been analyzed by Zadeh in the 
definition of the probability measure of a fuzzy events 
(Zadeh, 1968) and by Smets in the extension of belief 
functions to fuzzy sets (Smets, 1988). 

Given the duality of purpose and characteristics be- 
tween probabilistic and possibilistic methods, we can 
conclude that these technologies ought to be regarded 
as being complementary rather than competitive. 

Probabilistic Approaches 
Some of the earliest techniques found among the ap- 
proaches derived from probability are based on single- 
valued representations. These techniques started from 
approximate methods, such as the modified Bayesian 
rule (Duda et aZ., 1976) and confirmation theory 
(Shortliffe and Buchanan, 1975), and evolved into for- 
mal methods for propagating probability values over 
Bayesian Belief Networks (Pearl, 1982, Pearl, 1988a), 

Another trend among the probabilistic approaches 
is represented by interval-valued representations such 
as Dempster-Shafer theory (Dempster, 1967, Shafer, 
1976, Lowrance et al., 1986). 

Bayesian Belief Networks. 
Over the last five years, considerable efforts have 
been devoted to improve the computational efficiency 
of Bayesian belief networks for trees and small poly- 
trees, and for directed acyclic graphs (influence di- 

agrams) (Howard and Matheson, 1984), (Schachter, 
1986). 

An efficient propagation of belief on Bayesian Net- 
works has been originally proposed by J. Pearl (Pearl, 
1982). In his work, Pearl describes an efficient updat- 
ing scheme for trees and, to a lesser extent, for poly- 
trees (Kim and Pearl, 1983, Pearl, 1988b). However, 
as the complexity of the graph increases from trees to 
poly-trees to general graphs, so does the computational 
complexity. The complexity for trees is O(n2), where 
n is the number of values per node in the tree. The 
complexity for poly-trees is O(K”), where IC is the 
number of values per parent node and m is the num- 
ber of parents per child. This number is the size of the 
table attached to each node. Since the table must be 
constructed manually, (and updated automatically), it 
is reasonable to assume it to be small. The complex- 
ity for multi-connected graphs is O(V), where IC is 
the number of values per node and n is the size of the 
largest non-decomposable subgraph. To handle such 
complexity, techniques such as moralization and prop- 
agation in a tree of cliques (Lauritzen and Spiegelhal- 
ter, 1988) and loop cutset conditioning (Suermondt et 
al., 1991, Stillman, 1991) are typically used to decom- 
pose the original problem (graph) into a set of smaller 
problems (subgraphs). 

When this problem decomposition process is not 
possible, exact methods must be abandoned in favor 
of approximate methods. Among these methods the 
most common are clustering, bounding conditioning 
(Horvitz et al., 1989), and simulation techniques, such 
as logic samplings and Markov simulations (Henrion, 
1989). Figure 1 (provided by Max Henrion) illustrates 
a taxonomy of these Bayesian inference mechanisms. 

Dempster-Shafer Theory (Belief Functions) 
Belief functions have been introduced in an axiomatic 
manner by Shafer (Shafer, 1976). Their original pur- 
pose was to compute the degree of belief of statements 
made by different sources (or witnesses) from a subjec- 
tive probability of the sources’ reliability. 

Many other interpretations of belief functions have 
also been presented, ranging from functions induced 
from some probability measure and multivalued map- 
pings (Dempster , 1967) or compatibility relations 

I 
Lowrance et al., 1986), to probability of provability 
Pearl, 1988b), to inner measures (Ruspini, 1987, Fa- 

gin and Halpern, 1989), to a non-probabilistic model 
of transferable belief (Smets, 1991). 

All these interpretation share the same static compo- 
nent of the theory: the Mobius Transform that defines 
a mapping from basic probability assignments (masses 
assigned to subsets of the frame of discernment) to the 
computation of the lower bound (belief) of a propo- 
sition (a region defined in the same frame of discern- 
ment). An inverse Mobius transform can be used to 
recover the masses from the belief. All these inter- 
pretations also share the same definition of the upper 
bound (usually referred to as plausibility). 

More specifically, this formalism defines a function 
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Methods for inference in 
Bayesian Belief Networks 

Exact Methods 

Trees 

Approximate Methods 

Bounding Methods 
Simulation Methods 

Polytrees BN20: Two-level with 
noisy-OR gates 

Multiply-connected Branch and Bound 
Nets Search 

Forward propagation 
(logic sampling) 

Markov simulation 
(Gibbs sampling) 

Figure 1: Taxonomy of Inference Mechanisms for Bayesian Belief Networks 

that maps subsets of a space of propositions 0 on the 
[O,l] scale. The sets of partial beliefs are represented by 
mass distributions of a unit of belief across the proposi- 
tions in 0. This distribution is called basic probability 
assignment (bpa). The total certainty over the space 
is 1. A non-zero bpa can be given to the entire space 
0 to represent the degree of ignorance. Given a space 
of propositions 0, referred to as frame of discernment, 
a function m : 2@ + [0, l] is called a basic probability 
assignment if it satisfies the following three conditions: 

m(4) = 0 where 4 is the empty set (1) 

0 < m(A) < 1 (2) 
C m(A) = 1 (3) 

AC@ 

The certainty of any proposition A is then repre- 
sented by the interval [Bel(A),P*(A)], where Be/(A) 
and P*(A) are defined as: 

BeZ(A) = c m(x) (4) 
xcA 

P*(A) = c m(z) (5) 

From the above definitions the following relation can 
be derived: 

Be/(A) = 1- P*(lA) (6) 
Equations 4 and 5 represent the static component 

of the theory, which is common to all interpretations, 
However, these interpretations do not share the same 
dynamic component of the theory: the process of up- 
dating (i.e., conditioning or evidence combination). 
This issue has been recently addressed by various re- 
searchers (Halpern and Fagin, 1990, Smets, 1991). 

Given the beliefs (or masses) for two propositions A 
and B, Dempster’s rule of combination can be used 
(under assumptions of independence) to derive their 
combined belief (or mass). 

If ml and m2 are two bpas induced from two in- 
dependent sources, a third bps, m(C), expressing the 

pooling of the evidence from the two sources, can be 
computed by using Dempster’s rule of combination: 

C ml(A) - ma(Bj) 
m(C) = 

AiflBj=C 

1- C ml(Ai) * mz(Bj) (7) 
AiflBj=+ 

If proposition B is true (i.e, event B has occurred), 
then Be/(B) = 1 and from Demspster rule of combina- 
tion, we can derive a formula for conditioning A given 
B, Bel(A 1 B): 

Bel(A 1 B) = 
Bel(A U 1B) - Bel(yB) 

1 - BeZ(lB) (8) 

This expression is compatible with the interpretation of 
Belief as evidence, and as inner measure. However, this 
expression is not compatible with the interpretation of 
belief as the lower envelope of a family of probability 
distributions. Under such interpretation, the correct 
expression for conditioning is: 

Bel(A 11 B) = 
Bel(A 17 B) 

Bel(A n B) + PI(lA n B) (9) 

The interested reader is referred to reference (Shafer, 
1990) for a very clear explanation and an updated bib- 
liography on belief functions. 

As for the case of belief networks, a variety of ex- 
act and approximate methods have been proposed to 
perform inferences using belief functions. Typically, 
the exact methods require additional constraints on 
the structure of the evidence. Figure 2 illustrates a 
taxonomy of Dempster-Shafer inference mechanisms. 

-S Exact Methods In the general case, the eval- 
uation of the degrees of belief requires time exponen- 
tial in 101, the cardinality of the frame of discernment. 
This is caused by the need of possibly enumerating 
all the subset and superset of a given set. Barnett 
(Barnett, 1981) h s owed that, when the frame of dis- 
cernment is discrete and each piece of evidence sup- 
ports only a singleton proposition or its negation, the 
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Methods for inference with 
/ Dempster-Shafer Theory 

Exact Methods Approximate Methods 

Singletons (and 
complements) 

[Barnett 811 

Trees 
[Shafer & Logan 8 

Graphs 

Tree Bayesian Fuzzy 

[Gordon & Shortliffe 851 [Voorbraak 891 [Dubois & Prade 901 
Decomposition 
(Hypergraphs/Hypertrees) 
[Shenoy & Shafer 901 

Fast Mobius Transform 
[Kennes & Smets 911 

Figure 2: Taxonomy of Inference Mechanisms for Dempster-Shafer 

computational-time complexity can be reduced from 
exponential to linear by combining the belief functions 
in a simplifying order. 

Strat (Strat, 1984) p roved that, when the frame of 
discernment is continuous and the evidence supports 
only contiguous intervals along the number line, the 
complexity can be reduced to O(n2), where n is the 
number of atomic propositions, i.e., intervals of unit 
length. 

By imposing a tree structure restriction on the ev- 
idence, Shafer and Logan (Shafer and Logan, 1987) 
implemented a system which derives exact Belief func- 
tions. Hierarchical evidence enables a partitioning 
of the frame of discernment 0 and a great result- 
ing efficiency over the unrestricted domain of size 101. 
While the unrestricted D-S calculus is NP-complete, 
the Shafer and Logan algorithm is order O(nf), where 
n = 101 and f is th e b ranching factor of the tree struc- 
ture. 

Shenoy and Shafer have addressed the issue of com- 
puting belief functions over an unrestricted graph, by 
creating a hypergraph, decomposing it into smaller 
subgraphs (via a covering hypertree), and finally us- 
ing the Markov tree associated with the hypertree to 
perform local propagations (Shenoy and Shafer, 1990). 

Another useful algorithm aimed at decreasing the 
computational complexity of belief propagation is the 
Fast Mobius Transform (Smets and Kennes, 1991), 
which is the Fast Fourier transform equivalent for the 
Mobius transform described by equation 4. 
D-S Approximate Methods There are many ap- 
proximate methods to efficiently compute belief func- 
tions. Because of space constraints we will only cite 
a few. Using a tree structure restriction, Gordon and 
Shortliffe (Gordon and Shortliffe, 1985) propose an al- 
gorithm to compute approximate Belief functions when 
different pieces of evidence are relevant to different lev- 
els of abstraction in a hierarchy of diseases. A Bayesian 
approximation in which the probability mass is dis- 
tributed uniformly among the elements of the subset of 
0 has been proposed by Voorbraak (Voorbraak, 1989). 

926 INVITED TALKS 

Finally, Dubois and Prade (Dubois and Prade, 1990) 
propose a consonant approximation of Belief functions 
which is mathematically equivalent to a fuzzy set. 

Decisions with Belief Functions Belief theory is a 
relatively new theory and, unlike probability, does not 
have yet a fully developed decision theory. Initial work 
in this direction has been proposed by Jaffray (Jaffray, 
1989) and Strat (Strat, 1990). 

Possibilistic Approaches 
Among the possibilistic approaches, the most no- 
table ones are based on a fuzzy-valued representa- 
tion of uncertainty. These include the Possibility 
Theory and Linguistic Variable Approach (Zadeh, 
1978, Zadeh, 1979), and the Triangular-norm based ap- 
proach (Bonissone, 198710, Bonissone and Decker, 1986, 
Bonissone et al., 1987). 

The approach proposed by Zadeh is based on the 
notion that fuzziness is fundamentally different from 
randomness and, as such, cannot be modeled by tra- 
ditional probabilistic techniques. The distinction be- 
tween randomness and fuzziness is based on the dif- 
ferent types of uncertainty captured by each concept. 
In randomness, the uncertainty is derived by the non- 
deterministic membership of a point (in the sample 
space) to a well-defined region in that space. The sam- 
ple space represents the set of possible values for the 
random variable. The well-defined region represents 
an event. The region’s characteristic function creates 
a dichotomy in the universe of discourse of the possi- 
ble values for the random variable: when the point falls 
within the boundary of the region, it fully belongs to 
such region. Otherwise the point’s membership in the 
region is zero. Probability measures the tendency (fre- 
quency) with which such random variable takes values 
inside the region. 

In fuzziness, the uncertainty is derived from the par- 
tial membership of a point (in the universe of dis- 
course) to an imprecisely defined region in that space. 
The region represents a fuzzy set. The characteristic 
function of the fuzzy set does not create a dichotomy in 



the universe of discourse: it maps the universe of dis- 
course into the interval [O,l] instead of the set {O,l). 
The partial membership of the point does not repre- 
sent any frequency. It defines the degree to which that 
particular value of the universe of discourse satisfies 
the property which characterizes the fuzzy set. 

Our space constraints prevent us from citing the nu- 
merous fuzzy sets literature. However, we would like 
to refer the reader to a compilation of selected papers 
by Zadeh, which provides a chronological description 
of the evolution of this theory (Yager et al., 1987). 

We will conclude the analysis of possibilistic reason- 
ing by briefly discussing an approach based on many- 
valued logic operators (Triangular norms) and the gen- 
eralized modus ponens. 

Triangular-Norm Based Reasoning Systems 
Triangular norms (T-norms) and their dual T-conorms 
are two-place functions from [O,l]x[O, l] to [0, l] that are 
monotonic, commutative and associative (Schweizer 
and Sklar, 1963, Schweizer and Sklar, 1983, Bonissone 
and Decker, 1986, Bonissone, 1987b). They are the 
most general families of binary functions which satisfy 
the requirements of the conjunction and disjunction 
operators respectively. Their corresponding boundary 
conditions satisfy the truth tables of the Boolean AND 
and OR operators. 

Any triangular norm T(A, B) falls in the interval 
T,(A, B) 5 T(A, B) 5 Min(A, B), where 

min(A, B) if max(A, B) = 1, 
otherwise 

(1o) 

The corresponding DeMorgan dual T-conorm, de- 
noted by S(A,B), is defined as: 

S(A,B)= l-T(l-A,l-B) 01) 

In fuzzy logic the conjunction and disjunction op- 
erators are the minimum and maximum, respectively 
(upper and lower bounds of the T-norm and T-conorm 
ranges, respectively). These operators play a key role 
in the definition of the generalized modus ponens, 
which is the basis of possibilistic reasoning. 

These possibilistic reasoning techniques have been 
implemented in RUM, a Reasoning with Uncertainty 
Module described in reference (Bonissone et al., 1987). 

Uncertainty in RUM is represented in both facts and 
rules. Facts represent the assignment of values to a set 
of propositional variables. Rules are acyclic quantita- 
tive Horn clauses in which a conjunct of antecedents 
implies (to a certain degree of belief) the rule conse- 
quent. 

Facts are qualified by an uncertainty interval. The 
interval’s lower bound represents the minimal degree 
of confirmation for the value assignment. The up- 
per bound represents the degree to which the evidence 
failed to refute the value assignment. The interval’s 
width represents the amount of ignorance attached to 
the value assignment. The uncertainty intervals are 
propagated and aggregated by T-norm based calculi. 

Rules are discounted by a degree of sufficiency, indi- 
cating the strength with which the antecedent implies 
the consequent and a degree of necessity, indicating the 
degree to which a failed antecedent implies a negated 
consequent. 

eal-Time Approximate easoning 
Systems 

We conclude this discussion with a few remarks on the 
applicability of approximate reasoning systems to real- 
world problems requiring real-time performance. To 
achieve real-time performance levels, probabilistic rea- 
soning systems need an efficient updating algorithm. 
The main problem consists in conditioning the exist- 
ing information with respect to the new evidence: the 
computation of the new posterior probabilities in gen- 
eral belief networks is NP-hard (Cooper, 1989). A va- 
riety of solutions have been proposed, ranging from 
compilation techniques to shift the burden from run- 
time to compile-time, to the determination of bounds 
of the posterior probabilities. In particular, Hecker- 
man et al. (Heckerman et al., 1989) have proposed a 
decision-theoretic based analysis of computation versus 
compilation to determine the conditions under which 
run-time computation is preferable to lookup tables 
(generated at compile time). Horvitz et al. (Horvitz et 
al., 1989) have proposed a method to approximate the 
posterior probabilities of the variables in each subgraph 
of a belief network. This method, called bounded con- 
ditioning, defines the upper and lower bounds of these 
probabilities and, if given enough resources, converges 
on the final point probabilities. 

Due to its different underlying theory, possibilis- 
tic reasoning does not exhibit the same complex- 
ity problems as probabilistic reasoning. Most of 
the efforts aimed at achieving real-time performance 
from possibilistic reasoning systems have been based 
on translation/compilation techniques (Bonissone and 
Halverson, 1990) or hardware solutions (Corder, 1989, 
Watanabe and Dettloff, 1987). 

Among the compilation techniques, a notable ef- 
fort is RUMrunner, RUM’s run-time system. RUM- 
runner is a software tool that transforms the cus- 
tomized knowledge base generated during the devel- 
opment phase into a fast and efficient real-time ap- 
plication. This goal is achieved by a combination of 
efforts: the translation of RUM’s complex data struc- 
ture into simpler, more efficient ones (to reduce over- 
head); the compilation of the rule set into a network 
(to avoid run-time search); the load-time estimation of 
each rule’s execution cost (to determine, at run-time, 
the execution cost of any given deductive path); and 
the planning mechanism for path selection (to deter- 
mine the largest relevant rule subset which could be 
executed within a given time-budget). 

Among the hardware solutions to the problem of 
real-time performance for possibilistic reasoning sys- 
tems, the most notable are the fuzzy chips (Corder, 
1989, Watanabe and Dettloff, 1987). These chips are 
used in the application of fuzzy logic to industrial 
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control. Fuzzy controllers (Sugeno, 1985) represent 
one of the the earliest instances of simple yet effec- 
tive knowledge-based systems successfully deployed in 
the field. Their main use has been the replacement of 
the human operator in the feedback control loop of in- 
dustrial processes. Their applications range from the 
development of the controller of a subway train system 
(Yasunobu and Miyamoto, 1985), to the use of a pre- 
dictive fuzzy controller for container crane operation 
(Yasunobu and Hasegawa, 1986), to their application 
in the control of a continuously variable automobile 
transmission (Kasai and Morimoto, 1988). 
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