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1. Introduction 
This paper arose out of the observation that the ver- 
sion space algorithm and the ATMS label-update algo- 
rithms operate on very similar structures. The version 
space algorithm learns concept descriptions from ex- 
amples. Central to this algorithm is the notion of all 
concept descriptions consistent with a given set of pos- 
itive and negative examples. The assumption-based 
truth maintenance system for recording dependencies 
during reasoning maintains labels for a proposition 
which encode all environments in which that propo- 
sition is true. 

This gives rise to two questions: one, what is the 
precise nature of the relationship between the struc- 
tures employed by these algorithms taken from two 
different problem areas, and second: are the compu- 
tations performed by the two algorithms related, and 
what special properties of these structures do they de- 
pend on? Our aim is to find a common mathematical 
basis in order to determine applicability conditions for 
the algorithms, and to cast the computations done in a 
form that reveals new, more efficient implementations. 

We first show that the version space of a concept is 
a special case of a convex space. The mathematics of 
these structures is then brought to bear on the question 
of ensuring that finite representability is preserved un- 
der the merging operation. For this, we derive a neces- 
sary and sufficient condition, called the MW property. 
This can help in determining the class of admissible 
concept languages for which finite observation version 
spaces are finitely representable. We present the first 
result on admissibility that captures both finite and 
infinite concept languages. 

We then recast the label-update algorithms in the 
ATMS as operations on a convex space. The chief re- 
sult is a new algorithm for computing labels that han- 
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dles complex disjunctions such as choose({A, B, C}, 
{D, E, F}) which stands for either A, B, and C are 
true, or D, E, and F are true. This algorithm is a nat- 
ural extension of de Kleer’s original ATMS algorithm 
and does not require hyper-resolution rules to compute 
minimal, consistent, sound and complete labels. 

The paper is structured as follows. In Section 2 we 
introduce the mathematics of convex spaces: the fi- 
nite representability and MW properties. The version 
space is formulated in terms of convex spaces in Section 
3, and we present an admissibility result for concept 
languages. In Section 4, we perform a similar analysis 
of the ATMS algorithm and show that the label com- 
putation performed by the disjunction-free ATMS is 
akin to the boundary set updates of the version space 
algorithm. We extend the class of disjunctions express- 
ible within the ATMS and derive a new label-update 
algorithm which is more efficient in general, and does 
not rely on hyper-resolution rules. 

2. Convex Spaces 
Our goal is to develop the basic mathematical theory 
of convex spaces with a view to extract the common 
order theoretic structure of version spaces and ATMSs. 
This order-theoretic structure formally captures one’s 
intuitions of “consistent” partially ordered knowledge. 

The basic issues that we address can be roughly de- 
scribed as follows: (i) for what sorts of concept lan- 
guages can one have a compact (finite) representation 
of the relevant knowledge? and (ii) what operations 
can one do on these, representations while preserving 
representability? The first issue motivates the singling 
out of convex spaces. If a subset of a poset is convex we 
have a hope of representing it by its “fringes”. Convex- 
ity by itself, however, is far from enough and we need 
a deeper analysis in order to describe the situations in 
which finite representability holds. With regard to the 
second issue, we show that for languages that satisfy 
some simple properties, the lattice-theoretic operations 
of join and meet preserve the finite representability. 

We consider a set P with a partial order 5 defined on 
it. In relation to the version space theory, P represents 
the set of all patterns/concepts, and in relation to the 
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ATMS, P is the set of all possible environments which 
a problem solver may consider. In both of these cases, 
the elements of P are sets of individuals and the partial 
order on P is defined by the set inclusion. It is worth 
noting, however, that the theory in this section can 
be applied to any domain as long as there is a partial 
ordering defined on P. 

Given an arbitrary subset of P, one can define the 
least convex space containing it. This and many other 
operations which interest us here are examples of clo- 
sure operations on a set. Let us denote the power-set 
of any set X by P(X). A function f : P(P) - P(P), 
f is called a closure operation if it is monotone and 
f(f(C)) = f(C) > C for any C E P(P). The elements 
in CC(f) = {f(C) ] C E P(P)) are called the closed 
sets of f . 

The properties of closure operations have been stud- 
ied by many researchers [Bir84] and some of their re- 
sults are relevant to our discussion here. In particular, 
it is worth noting that the range of a closure operation 
(i.e. CL(f)) is th e same as its set of fixed points. Fur- 
thermore, one can recover the closure operation from 
its set of fixed points. Thus one can often think of 
a closure operation in these two ways. In particular, 
there is an operation c : P(P) b P(P) defined by 
c(C) = {p E P 1 3~1, p2 E C, s.t. pl 5 p 3 ~2) called 
the convex closure. Its fixed points are called convex 
spaces. It can be shown that the set of closed sets of 
a closure operation forms a complete lattice under set 
inclusion. 

In actual applications of convex spaces, it is usually 
not practical to represent and perform computation 
on entire spaces due to their sizes. A solution to this 
problem is to represent the spaces by their boundary 
sets and restrict the computations to these sets only. 
This is the basic data representation insight in the work 
which we will discuss below. Given any subset C E 
P(P), let us denote the set of minimal elements of C 
by MZN(C) and the set of maximal elements of C by 
ztf$(C). We say that C is representable by boundary . 

Csyeg; 13s E MZN(C)Jg E MAX(C), s.t. 
-_* 

Furthermore, if MZN(C) and MAX(C) are both fi- 
nite, then C is said to be finitely representable. 

The most common operations applied to version 
spaces and convex spaces are the set union, set intersec- 
tion, join and meet operations. Our goal is to present 
a criterion for the pattern language so that the finite 
representability can be preserved under some of these 
commonly used operations. For simplicity, we restrict 
ourselves to posets P which are finitely representable. 

Definition: Given pl ,p2 E P and S, G C_ P both fi- 
nite, we define: 

ij(p1, ~2, G) = M~N(~P E P I PI 5 P, ~2 5 P, 

Vs E G,P 5 g)), 

&PI, ~2, S) = MAWP E P I ~1 ?I P, ~2 ?z p, 
vs E s,p k s}). 

The poset P is said to have the MW property if, for 
all pl,p2 E P: 

1. \;~(PI,Pz,~) and ~(PI,Pz,~) are finite, 

2. vP,P~Pl,P?IP2*3P’E~(Pl,P%,#), s.~.p~p’, 

3. tlp,P~Pl,P~P2~3p’Eii\(Pl,P2,~), s-t* Pip’* 

Theorem 1 A poset P has the MW property i$ the 
finitely representable convex spaces form a sublattice of 
the lattice of convex spaces. 0 

For a poset P, let F(P) be the set of finitely rep- 
resentable convex subsets of P ordered by superset in- 
clusion, that is, C 5 C’ iff C & C’. It is possible to 
provide an abstract representation of F(P) in terms of 
pairs of finite sets using some order-theoretic concepts 
taken from work on operators which are called pow- 
erdomains in the semantics of programming languages 
(for example, see [Gun911 and the references there). 
Suppose U and V are finite subsets of P. We define 
three binary relations as follows: 
m U 3fi V iff for every z E U there is a y E V such 

that x -( y, 
e U 5b V iff for every y E V there is a x E U such 

that x 5 y, 
a U sb V iff U 54 V and U Ab V 

In a poset P, an anti-chain A is a subset of P with 
the property that, whenever p, q E A and p 3 q, then 
P = !l* 

Definition: Let P be a poset. A fringe is a pair (S, G) 
such that 
1. S, G are finite anti-chains of P, and 
2. S 5b G. 0 
We define the poset G(P) to be the set of fringes of P 
under the ordering 

(S, G) $S’, G’) 

S $ S’ and G’ 5b G 
and we have the following: 
Theorem 2 For any poset P, the poset F(P) of 
finitely representable convex subsets is isomorphic to 
the poset G(P) of fringes. 0 

showing that it is possible to represent the operations 
on convex spaces via corresponding operations in the 
space of fringes. 

3. Version Spaces 
The version space algorithm, which was introduced by 
Mitchell [Mit78], can be formulated using the ideas of 
the previous section. Our goal in this section is to char- 
acterize the order-theoretic conditions under which the 
version space representation is legitimate. Since it is 
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not the case that every concept space supports the ver- 
sion space learning technique, it is desirable to provide 
some simple condition which will certify, for a given 
concept space, that the algorithm is sound. Such con- 
ditions have been proposed in several discussions of 
version spaces including the original work [Mit78] and 
a more recent textbook account [GN87]. However, the 
admissibility conditions which have been given are suf- 
ficient conditions which are too weak to support many 
of the examples of concept spaces for which the version 
space algorithm is sound (and, indeed, efficient). 

For the rest of this note, we write P for the collec- 
tion of sets of individual data (observations), and w 
(E U P) for the set of individual data. The partial or- 
dering on P is defined by set inclusion C. The notion 
of a Version Space is invented to facilitate the learn- 
ing of a concept (pattern) when we know a set of its 
positive instances and a set of its negative instances. 
The notations given above can be interpreted in this 
context by taking P as the set of concepts, and UP is 
the set of all possible instances. We define an opera- 
tion Icp (the subscript P is omitted when P is obvious 
from the context) by taking 

K(r,A)={p~plrCp~‘ZT} 
where I’, A C Up and x is the complement of A in 
UP. Here I? represents the positive instances and A 
the negative instances. 

Definition: A subset C of P is called a version space 
if there exist I’, A & UP, such that C = K(I’, A). 

The two subsets P and 4 are version spaces, which 
arise respectively when I? =A=+ndrnA#q5. A 
version space is an instance of a convex space. More- 
over, if we define a mapping d : P(P) _I) P(P) by 

then we have the following: 

Theorem 3 d is a closure operation whose fixed points 
are exactly the version spaces. 

Since it can be shown that version spaces are convex 
spaces and the meet operation on version spaces is the 
same as that on convex spaces, several results that are 
true for convex spaces are also true for version spaces. 
In particular, we have the following: 
Theorem 4 A poset P has the MW property if and 
only if the meet of every two finitely representable ver- 
sion spaces is finitely representable. 0 

In a concepts learning system using the version space 
representation, the new version space after the addi- 
tion of some new observations is the same as the in- 
tersection (merging) of the current version space with 
the version space representing the new observations. 
Thus, the MW property is a necessary and sufficient 
condition for ensuring the preservation of finite repre- 
sentability in version space merging. 

Note, however, that the MW property does not 
imply the version spaces that we are interested in 
are finitely representable. It is possible that there 
exist some observations that cannot be represented 
by finitely representable version spaces and hence the 
preservation of finite representability in version space 
merging does not help at all. Therefore, we need to 
find out another important property about a concept 
language, that is whether or not every set of finite ob- 
servations can be captured’by a finitely representable 
version space. We call this the admissibility property. 
In this subsection, we give the formal definition of ad- 
missibility and show two different criteria for ensuring - 
the admissibility of a concept language. 
Definition: A given P is said to have the S property 
if for all x E Up, X((x), 4) and K(q5, (x}) are finitely 
representable. Furthermore, P is said to be admissible, 
if given any I’, A C Up, with I’UA finite and nonempty, 
/c(I’, A) is finitely representable. 

The following lemma allows us to check the admissi- 
bility of a pattern language by verifying that if obser- 
vations are all positive or negative, the version space 
is finitely representable. 
Lemma 5 A poset P is admissible if and only if for all 
non-empty finite r, A C I%p, both K(I’, 4) and K(c$, A) 
are finitely representable. 

The next theorem allows one to check for admissibil- 
ity by 
cases. 

checking finite representability in some special 

Theorem 6 Given a P, if P has the MW and S 
properties, then P is admissible. 

Note that every finite P has MW and S properties. 
Hence, every finite P is admissible. Furthermore, every 
convex space in such a P is finitely representable. 

In some problem domains, the notion of concept con- 
sistent with an observation may be defined differently 
from the instance inclusion definition (see [HirSO]). 
However, with the S property suitably modified, we 
can derive the same sufficient conditions as those of 
Theorem 6 to guarantee that the set of concepts consis- 
tent with any non-empty finite observations is finitely 
representable. This latter property can be viewed as 
the generalized definition of admissibility. 

To appreciate the point of having a condition for ver- 
ifying admissibility, we consider an example adapted 
from [Mit78]. Let I = (0,l) x (0,l) be the open unit 
rectangle in the two-dimensional real plane. A real in- 
terval is defined to be a set of real numbers having one 
of the following forms: 

[l,u]={x(z<x~u} 
(I, u) = {x 1 1 < 2 < u) 
[l,u)={xIr_<x<u} 
(z,u]={x~z<x~u} 

We define the rectangular concept space P as the set of 
subsets p 2 I such that p is the product of a pair of in- 
tervals (rectangles) or p is the empty set 4. The set of 
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observations is a subset of P of the form: [z, z] x [y, y] 
(points). Given a set of positive and negative observa- 
tions, the learning task is to find the set of concepts in 
P that are consistent with the observations. 

For each positive observation [z:, CC] x [y, y], its version 
space is the convex closure of {I) and ([z:,z] x [y, y]}. 
For each negative observation [z, z] x [y, y], its version 
space is the convex closure of ((z:, 1) x (0, l), (0,x) x 
(0, l),(O, 1) x (Y, 11, ml) x (O,Y)) and (41. Hen-9 p 
has property S. 

Given a pair of rectangles pi = [[CC, uz] x [ly, uy], 
p2 = [lx’, uz’] x [ly’, uy’], we have: 

\;l(Pl f P294) = {[min(lz, 1x’), max(u2, uz’)]x 
min( kh W) , max(w, UY’) 1, 

ii(P1, Pa, 4) = { [max(lz, Ix’), min(uz, uz’)] x 
n-My, 1~‘)~ min(uy, uy’)). 

Besides being finite, they also satisfy the second and 
third conditions of the MW property. Similar results 
can be derived for different combinations in the types 
of rectangles. Hence, P has MW property and it 
is therefore admissible. Note that the version spaces 
of P typically include infinite (and even uncountable) 
chains, so an admissibility condition which precludes 
such properties in the concept space will fail to cover 
this example. 

4. Assumption-based TMS’s 
In this section we examine Johan de Kleer’s for- 
mulation of Truth Maintenance Systems known as 
Assumption- based TMS’s [dK86a, dK86b]. The formu- 
lation involves the inclusion, in the nodes of a TMS, 
labels indicating the minimal set of assumptions which 
would make the datum of the node true. These sets 
of assumptions must be recalculated as new informa- 
tion is acquired, so they must be represented in a way 
which makes this recalculation efficient. Sets of as- 
sumptions form a finite lattice (under set inclusion), 
and it is possible to show that sets of assumptions 
making the datum of a node true form a convex space. 
Hence such sets of assumptions may be represented 
using their boundary sets, that is, using the sets of 
greatest and least elements of the convex space. In 
fact, the existence of a common lower bound of incon- 
sistent sets of assumptions makes it possible to simplify 
this representation so that only the greatest elements 
are required. 

Our goal in this section is to look first at the basic 
ATMS and show how the calculations with label sets 
can be performed using computations on the bound- 
aries of convex spaces that we have considered in the 
previous sections. Expressing the basic ATMS in this 
way is not difficult, but the concept of an extended 
ATMS [dK86b] p rovides a more interesting challenge. 
We show how to recalculate a label using a formula 
involving closure operations. These closure operations 
can be computed using the meet and join algorithms 
for convex spaces. The final part of the section dis- 

cusses how this approach compares to the use of hyper- 
resolution rules in [dK86b]. 

Basic ATMS. The basic ATMS [dKS6a] consists of a set 
of nodes representing the problem solving data, a set 
of Horn clause justifications which describe how some 
nodes can be derived from other nodes, and a set of 
assumptions which are positive literals. Assumptions 
form the foundation to which every datum’s support 
can be traced. The main purpose of the ATMS is to 
discover for each node, the set of environments that 
will derive the node, where an environment is any set 
of assumptions. Note that the set of all environments 
forms a finite boolean lattice and is called the environ- 
ment lattice. 

De Kleer classifies the set of nodes into premises, as- 
sumptions, assumed and derived nodes. Each of them 
is represented by the basic ATMS data structure of 
the form: <datum, label, justifications>, where label 
is a set of environments and justifications is a set of 
Horn clauses of the form X1, . . . , X, + datum. Usu- 
ally, there is a special node in the ATMS denoted by 
I which represents falsity. For the sake of convenience 
we will adopt the convention of using the same symbol 
to denote a datum and the node representing it. 

Given any node X that is not I, we want to capture 
the set of environments that will derive X but not I, 
i.e. the set of consistent environments that derive X. 
An important observation by de Kleer is that, given an 
environment that derives X, every superset of that en- 
vironment will also derive X. Furthermore, given an 
inconsistent environment, every superset of that en- 
vironment is also inconsistent. This implies that the 
set of consistent environments deriving X is a convex 
space under the ordering defined by set inclusion. 

In view of the convex space theory, we take Up to 
be the set of all assumptions and P to be the set of all 
subsets of Up. However, the partial ordering 5 on P is 
defined to be the reverse of set inclusion, i.e. 1 z ,>. 
This partial order captures the notion of the general- 
ity of an environment. Since the set of assumptions is 
finite, the boolean lattice of environments is also finite 
and the local MW property is clearly satisfied. Fur- 
thermore, convex spaces can always be represented by 
their (finite) boundaries. We use the following nota- 
tion in our discussion: X is a node, V, is the set of 
inconsistent environments, VX, where X #I, is the set 
of consistent environments that derive X. 

Observe that each VX is a convex space, hence it can 
be represented by finite boundary sets. Note that an 
environment p is in Vx for X #tl if there does not exist 
p’ E MdX(V1) such that p 4 p’ and there exists p” E 
Mdx(Vx) such that p 3 p’l. Therefore, to encode 
the information in Vx, we need only store MdX(Vx) 
and MdX(VL). S ince the latter is shared by every 
X, we can maintain it separately. In an ATMS, the 
label of X, denoted by Lx, stores MdX(Vx) and the 
common MdK(V ) I is stored in the label of the node 
I, denoted by Ll called the nogoods. 
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Given a convex space C, it is said to be repre- 
sentable by label if C = (p E P 1 (VP’ E Ll, p 
$ p’) and (3~” E MAX(C), p 5 p”)). It can be easily 
verified that given any two convex spaces X and Y that 
are representable by label, their intersection and union 
are convex, representable by label and are equivalent 
to their meet and join respectively. Hence, if S and T 
are the upper boundary sets of X n Y and X U Y re- 
spectively, then by specializing the algorithms for the 
meet and join of convex spaces [GNPSSO], we have the 
following formulas for computing S and T using only 
the labels of X and Y: 

S = M.AX((px upy 1 P, E Lx,P, E LY, 

s-t* -rYP’ E JLPX UPY 5 P’}) (1) 

T = MdX(Lx u Ly) (2) 
where Lx = MAX(X) and Ly = MAX(Y). 

One of the most significant operations in a basic 
ATMS is the addition or retraction of a justification 
which will trigger a recalculation of the label for each 
affected node. Let Vi’” be the consistent environments 
that derive the ith node (in the antecedent) of the lath 
justification of a node X. To recalculate the label of 
X, we first compute the intersection of I$! for the an- 
tecedent nodes of a justification (i.e. with Ic fixed) fol- 
lowed by taking the union of these results over all Ic: 
Uk ni vi” = vk Ai V” We will generally need to re- 
compute the above many, but finite, times before we 
arrive at the correct label. Since each application of 
the intersection and union operation will derive a con- 
vex space representable by label, we can make use of 
the formulas (1) and (2) to calculate the new label of 
X. 
Extended ATMS. In [dK86b], the basic ATMS is ex- 
tended with the notion of primitive disjunction of as- 
sumptions written as choose(Cr, . . . , C,), where each 
Ci, 1 < i < n is a distinct assumption. The inter- 
pretat& of the primitive disjunction is that at least 
one of the Ci must be true in the ATMS. Primitive 
disjunctions can be used to encode negated assump- 
tions, hence, all propositional expressions can be en- 
coded using Horn clause justifications and primitive 
disjunctions only. With the introduction of primitive 
disjunctions, the set V’ of inconsistent environments 
is expanded to include any environment p such that 
all supersets of p which satisfy every primitive disjunc- 
tion will derive 1. Similarly, consistent environments 
deriving a node X, i.e. V’, are now expanded to in- 
clude any consistent environment p such that all the 
consistent supersets of p which satisfy every primitive 
disjunction will derive X. 

With the introduction of primitive disjunctions, the 
label of a node calculated by the basic ATMS algorithm 
may no longer be correct. To see why, consider the fol- 
lowing example from [dK86b]. Suppose the set of justi- 
fications is {A + a; B a b; C j c; c, a =+1; c, b +I}. 
The label for the proposition I is ({A, C), {B, C}}. 
Adding choose({A}, {B}) causes this label to change 

to ((C}) because one of A or B holds in the new ATMS 
state. The label propagation algorithm described in 
the previous section fails to make this correction be- 
cause it handles Horn clause justifications only, and our 
choose statement is non-Horn. To solve this problem, 
de Kleer extended his algorithm to correct the labels 
by using two similar hyper-resolution rules, one for the 
i node-and one for the rest of nodes. 

In the following, we will reformulate the problem 
using the convex spaces as we did in the basic ATMS. 
However, we extend the choose operation to allow en- 
coding of complex disjunctions which can have any set 
of assumptions as its argument , i.e. any DNF formula 
of assumptions. This allows greater flexibility and effi- 
ciency in the encoding of knowledge in an ATMS. First 
we need to define an important operation needed in the 
calculation of the label in an extended ATMS. 

Let (P, 5) be any lattice. A subset C & P is down- 
ward closed if p E C and p’ 5 p implies p’ E C. For 
any subset S E P, the downward closure of S is the 
set 4 S = (p E P 1 3p’ E S, p 5 p’}. Now, given 
any subset T E P(P), the operation @T is defined on 
downward closed sets C E P(P) as: @T(C) = {p f P 1 
Vt E T,p A t E C}. An important result relating to the 
Q, operation is: 
Theorem 7 Given 
{choose(t~,...,t~,) 1 la< 

set of disjunctions 
i 5 n), the algorithm for 

the corresponding eztend;d ATM5 can be described in 
three steps: (1) Apply the basic ATMS algorithm on the 
set of justifications; (2) let Cx = Vx U VL = Vx V Vl; 
(3) let V_L = @T, o . . + o @T~( Vl) and V’ = @pTI o . . . o 
‘pT,(Cx> - V-L, where Ta = {ti, . . . , ti;>. 

To calculate <p, we use the following result: 
Theorem 8 If P is an environment lattice, then 
given any downward closed C with MdX(C) = 
{Sl,.. . ,sm), and any T = {tl,. . . ,tn}, then: 

@T(C) = A v E;, (3) 
l<j<n l<i<wa 

where Ej = (p(Z-P-lpAi 5 Si}. 

It can be shown that every Ej is downward closed and 
its upper boundary set is si - tj. Furthermore, the 
label set of @T(C) can be calculated using the modified 
convex space meet and join procedures, i.e. formula (1) 
and (2). This means that we can calculate for each 
node X in the extended ATMS, the new label.set LX 
that takes disjunctions into consideration. 

Note that if C is the set of all functions with domain 
-0 9.“> n} and codomain (1, . . . , m}, we can rewrite 
the formula (3) as: 

0EC j 
In the case where only primitive disjunctions are con- 
sidered, it can be shown that de Kleer’s extended 
ATMS algorithm in,effect calculates the label of a node 
using the formula (4) with the hyper-resolution rules 
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used to prune away some of the terms that will not 
produce any new environments. However, in our imple- 
ment ation of the extended ATMS ,l we make use of an 
optimized algorithm that is based on the formula (3). 

There are several advantages to using this new al- 
gorithm over de Kleer’s hyper-resolution approach. 
The absence of resolution contributes substantially to 
the performance of our algorithm in comparison to a 
hyper-resolution based approach. This advantage is 
similar to the way ATMS’s were an improvement over 
the earlier Truth Maintenance Systems [Doy79], be- 
cause the labeling eliminates the need to reevaluate 
some computations multiple times during backtrack- 
ing. In our case, we eliminate many redundant pattern 
matching operations. Another advantage is the eas- 
ier encoding and potential improvement in efficiency 
because a formula in disjunctive normal form can be 
asserted as a single choose statement. 

5. Conclusions 
We have formulated a theory of convex spaces of par- 
tially ordered sets which includes algorithms for basic 
operations on finitely representable convex spaces in 
the presence of a simple assumption on the partial or- 
der. Using this theory, we can also describe conditions 
that could ensure the admissibility of the version space 
representation of a concept description language. 

We then show how convex spaces can be used 
to describe the label-update algorithm in de Kleer’s 
basic assumption-based truth maintenance systems. 
This idea suggests a new approach to the label- 
update algorithm for the extended ATMS. Our ap- 
proach generalizes the extended ATMS choose op- 
erations to allow the use of disjunctions such as 
choose( {A, B, C), {D, E, F}). This provides addi- 
tional flexibility in expressing constraints and also con- 
tributes to the efficiency of label updating. Our new 
label-update algorithm does not require the introduc- 
tion of hyper-resolution rules. Instead, we use an ap- 
proach which is similar to that employed in the version 
space algorithm to recalculate labels. This simplifies 
the description of how labels are updated and makes 
the extended ATMS label-update algorithm more con- 
sistent with the algorithm used for the basic ATMS’s. 

The convex space treatment of ATMS is more than 
just a new algorithm for ATMS. In a forthcoming pa- 
per [&sag 11, we show that this leads us to provide 
a formal semantics for both the basic and extended 
ATMS. Furthermore, we can prove that if negation 
is introduced into the ATMS architecture, we can 
apply the <p operation to calculate the prime impli- 
cants [RdK87, KT90] of any set of DNF propositional 
formulas. This algorithm has been implemented on top 
of our ATMS implementation. 

It is especially our hope that the abstraction of 

‘This is currently implemented on top of de Kleer’s basic 
ATMS. 

the convex space algorithms which we have discussed 
will lead to new insights in other areas which do, or 
could, employ similar structures for the representation 
of knowledge. 

References 
[Bir84] Garrett Birkhoff. Lattice Theory. American 

Mathematical Society, 1984. 

[dKSSa] Johan de Kleer. An assumption-based TMS. 
Artificial Intelligence, 28:127-162, 1986. 

[dK86b] Johan de Kleer. Extending the ATMS. Artificial 
Intelligence, 28:163-196, 1986. 

Po~791 Jon Doyle. A truth maintenance system. Arti- 
ficial Intelligence, 12:231-272, 1979. 

[FMHSO] Yasushi Fujiwara, Yumiko Mizushima, and 
Shinichi Honiden. On logical foundations of the 
ATMS. Proc. of ECAI-90 Workshop on Truth 
Maintenance Systems, 1990. 

[GN87] M. R. Geneserth and N. J. Nilsson. Logical 
Foundations of Artijicial Intelligence. Morgan 
Kaufmann Publishers, 1987. 

[GNPSSO] Carl A. Gunter, Teow-Hin Ngair, Prakash 

[Gun911 

[HirSO] 

[KT90] 

Panangaden, and Devika Subramanian. The 
Common Order-theoretic Structure of Version 
Smces and ATMS’s. Technical Report MS-CIS- 
90-86, University of Pennsylvania, 1990. 

Carl A. Gunter. The mixed powerdomian. The- 
oretical Computer Science, 1991. In press. 
Haym Hirsh. Incremental Version Space Merg- 
ing: A General Framework for Concept Learn- 
ing. Kluwer Academic Publishers, 1990. 
Alex Kean and George Tsiknis. An incre- 
mental method for generating prime impli- 
cants/implicates. J. Symbolic Computation, 
185-206, 1990. 

[Mit78] 

[Mit82] 

wag11 

[RdK87] 

Tom Mitchell. Version Space: An approach to 
Concept Leaning. PhD thesis, Stanford Univer- 
sity, 1978. 

Tom Mitchell. Generalization as search. Artifi- 
cial Intelligence, 18:203-226, 1982. 

Teow- Hin Ngair . ATMS and its extensions. 
Forthcoming, 1991. 

Raymond Reiter and Johan de Kleer. Founda- 
tions of assumption-based truth maintence sys- 
tems: preliminary report. Proc. of AAAE87, 
183-188, 1987. 

GUNTER,ET AL. 505 


