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Abstract 

Belief functions are mathematical objects defined to 
satisfy three axioms that look somewhat similar to the 
axioms defining probability functions. We argue that 
there are (at least) two useful and quite different ways 
of understanding belief functions. The first is as a gen- 
eralized probability function (which technically corre- 
sponds to the lower envelope or i&mum of a family of 
probability functions). The second is as a way of repre- 
senting evidence. Evidence, in turn, can be understood 
as a mapping from probability functions to probability 
functions. It makes sense to think of tipdating a be- 
lief if we think of it as a generalized probability. On 
the other hand, it makes sense to combine two beliefs 
(using, say, Dempster’s t%Ze of combination) only if we 
think of the belief functions as representing evidence. 
Many previous papers have pointed out problems with 
the belief function approach; the claim of this paper is 
that these problems can be explained as a consequence 
of confounding these two views of belief functions. 

1 Introduction 

A beZief &n&ion is a function that assigns to every 
subset of a given set S a number between 0 and 1. 
Intuitively, the belief in a set (or event) A is meant 
to describe a lower bound on the degree of belief 
of an agent that A is actually the case. The cor- 
responding upper bound is provided by a plaslsibil- 
ity finction. The idea of a belief function was in- 
troduced by Dempster [Dem67, Dem68] (he uses the 
terms lower probabizity for belief and upper probabiz- 
its, for plausibility ), and then put forth as a frame- 
work for reasoning about uncertainty in Shafer’s semi- 
nal work A Mathematical Theory of Evidence [Sha76a]. 
Since then belief functions have become a standard 
tool in expert systems applications (see, for example, 
[Abe88, Fa188, LU88, I&83]). 

While belief functions have an attractive mathemat- 
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ical theory and many intuitively appealing properties, 
there has been a constant barrage of criticism directed 
against them, going back to when they were first in- 
troduced by Dempster (see the discussion papers that 
appear after [Dem68], particularly the comments of 
Smith, Aitchison, and Thompson). The fundamental 
concern seems to be how we should interpret belief 
functions. This point is made in a particularly sharp 
way by Diaconis and ZabeIl [Dia78, DZ82]. They con- 
sider the three prisoners problem, and show that apply- 
ing the the belief function approach to this problem, 
particularly Dempster’s WZe of combination (which is 
a rule for combining two belief functions to produce 
a new belief functions) leads to counterintuitive re- 
sults. Other authors have shown that the belief func- 
tion approach leads to counterintuitive or incorrect au- 
swers in a number of other situations (see, for example, 
[Ait68, Bla87, Hun87, Lem86, Pea88, Pea89]). 

In this paper, we argue that all these problems stem 
from a confounding of two different views of belief fimc- 
tions: the first is as a generalized probability function, 
while the second is as a representation of evidence. In 
the remainder of this introduction, we briefly sketch 
these two views. 

Formally, a belief function can be defined as a func- 
tion satisfying three axioms (just as a grosLp is a math- 
ematical object satisfying a certain set of axioms). 
These axioms can be viewed as a weakening of the 
axioms that characterize probability functions. From 
that point of view, it seems reasonable to try to un- 
derstand a belief function as a generalized probability 
function. There are in fact many ways of relating belief 
functions to probability functions (see, e.g., [Dem67, 
Dem68, FH89b, FH89a, Kyb87, Rus87, Sha79]). The 
approach we focus on here is a well-known one, going 
back to [Dem67], where a belief function is viewed as 
the lower enveZope of a family of probability functions: 
the belief in a set A is the infimum of the probability 
of A, where the infimum is taken over all probability 
functions in the family. 

From: AAAI-90 Proceedings. Copyright ©1990, AAAI (www.aaai.org). All rights reserved. 



This view of a belief function as a generalized prob- 
ability function is quite different from the view taken 
by Shafer in [Sha76a]. Here, belief is viewed as a rep- 
resentation of evidence. The more evidence we have to 
support a particular proposition, the greater our belief 
in that proposition. 

Now the question arises as to what exactly evidence 
is, and how it relates to probability (if at all). Notice 
that if we start with a probability function and then 
we get some evidence, then we can update our original 
probability function to take this evidence into account. 
If the evidence comes in the form of an observation of 
some event B, then this updating is typically done by 
moving to the conditional probability. Starting with a 
probability function Pr, we update it to get the (con- 
ditional) probability function Pt(-IB). This suggests 
that evidence can be viewed as a function that takes 
as an argument a probability function and returns an 
updated probability function. By using ideas that al- 
ready appear in [Sha76a], it can be shown that a belief 
function can in fact be viewed as representing evidence 
in this sense. 

This point is perhaps best understood in terms of 
an example. Imagine we toss a coin that is either a 
fair coin or a double-headed coin. We see k heads in 
a row. Intuitively, that should provide strong evidence 
in favor of the coin being a double-headed coin. And, 
indeed, if we encode this evidence as a belief function 
following the methodology suggested in [Sha76a], we 
find that the larger k is, the stronger our belief that 
the coin is double-headed. On the other hand, seeing 
k heads in a row tells us nothing about the probabil- 
ity that the coin is double-headed. For example, if we 
know that a priori, the probability of the coin being 
fair is .9999 and k = 8, then it is still quite probable 
that the coin is fair. Once we are given a prior prob- 
ability on the coin being fair then, using conditional 
probability, we can compute the probability that the 
coin is fair given that we have observed k heads. If 
we use Shafer’s method, then it can be shown that the 
conditional probability is exactly the result of using 
the rule of combination to combine the prior probabil- 
ity with the belief function that encodes our evidence 
(the fact that we have seen k heads). Thus, the belief 
function provides us a way of updating the probabil- 
ity function, that is, with a way of going from a prior 
probability to a posterior (conditional) probability. 

Once we decide to view belief functions as repre- 
sentations of evidence, we must tackle the question 
of how to go about representing evidence using belief 
functions. A number of different representations have 
been suggested in the literature. We have already men- 
tioned the one due to Shafer; still others have been sug- 

gested by Dempster and Smets [Dem68, Sha82]. Wal- 
ley [Wal87] compares a number of representations of 
evidence in a general framework. In the full paper we 
review his framework, and present a slight strength- 
ening of one of his results, showing that perhaps the 
best representation is given by a certain belief function 
that is also a probability function, in that it is the only 
representation satisfying certain reasonable properties 
that acts correctly under the combination of evidence. 

Both of the viewpoints discussed here give us a way 
of understanding belief in terms of well-understood 
ideas of probability theory. (Indeed, the distinction 
between the approaches is closely related to the well- 
known distinction in probability theory between abso- 
Z&e beliefs and belief updates; see [HH86] for discussion 
and further references.) However, as we show by exam- 
ple, these two viewpoints result in very different ways 
of modelling situations (although, if we do things right, 
we expect to reach the same conclusions no matter 
which viewpoint we take!). The major difference be- 
tween the viewpoints is how they treat new evidence. 
If we view belief as a generalized probability, then it 
makes sense to update beliefs but not combine them. 
On the other hand, if we view beliefs as a representa- 
tion of evidence, then it makes sense to combine them, 
but not update them. This suggests that the rule of 
combination is appropriate only when we view beliefs 
as representations of evidence. A way of updating be- 
liefs, appropriate when we view beliefs as generalized 
probabilities, is described in [FH89a]. It seems that 
all the examples showing the counterintuitive nature 
of the rule of combination arise Corn an attempt to 
combine two beliefs that are really being viewed as 
generalized probabilities. 

The confusion between the two views seems preva- 
lent throughout the literature. For example, in [LG83], 
belief functions are used to represent the evidence of 
sensors; yet, they are introduced as generalized prob- 
abilities. That is, it is argued that a belief function 
which assigns BeZ(A) = l/3 and PI(A) = 2/3 is appro- 
priate to represent the fact that a reading on a sensor 
gives us uncertain information about the true probabil- 
ity of A, and all that can be said about the probability 
of A is that it is between l/3 aud 2/3. Yet these belief 
functions which are viewed as generalized probabilities 
are combined using the rule of combination. As our 
results suggest, this may lead to inappropriate repre- 
sentations of evidence. 

In the remainder of the report, we give a brief 
overview of our results. The reader is encouraged to 
consult the full paper [HF89] for details. 
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2 Belief as generalized probability 

A belief function on a set S is a function BeZ: 2’ + 
[0, l] satisfying: 

BO. BeZ(0) = 0 
Bl. BeZ(A) 2 0 
B2. BeZ(S) = 1 

BS. BeZ(A1 U . . . U Ak) 2 
c IC{ l,..., kj, &-l)~‘~+lWfli~~ Ai). 

For every set A, we deJ.ne PI(A), the pkusibility of 
A, as PI(A) = 1 - BeZ(A) (where we use A to denote 
the complement of A). It is not hard to show (using 
Bl, B2, and B3) that PI(A) 2 BeZ(A) for every set A. 
intuitively, we can view the interval [BeZ(A), PI(A)] as 
providing lower and upper bounds on the “likelihood” 
or probability of A. There are a number of ways of 
making this precise. We focus on one that goes back 
to [Dem67]. 

Given a set P of probability functions all defined 
on a sample space S, defme’the Zower envelope of P 
to be the function f such that for each A C S, we 
have f(A) = inf{Pr(A) : Pt E P}. We have the cor- 
responding definition of upper envelope of P. It was 
already known to Dempster [Dem67] that a belief func- 
tion can be viewed as a lower envelope. More formally, 
let BeZ be a belief function defined on S, and let Pr 
be a probability function on S. We say that Pr is con- 
sistent with BeZ if BeZ(A) 5 Pr(A) 5 PZ(A) for each 
A C S. lutuitively, Pr is consistent with BeZ if the 
probabilities assigned by P+ are consistent with the 
intervals [BeZ(A), PI(A)] given by the belief function 
BeZ. Let ~~~~ be the set of all probability functions 
consistent with BeZ. The next theorem tells us that 
the belief function BeZ is the lower envelope of PBel 
and PI is the upper envelope. 

Theorem 2.1: Let BeZ be a belief fmction on S. Then 
for all A C_ S, we have 

Bez(A) = inf~+~~~.~ Pt(A) 
WA) = s”PPscg7Q3cl Pt(A). 

We remark that the converse to Theorem 2.1 does not 
hold: not every lower envelope is a belief function (see 
[Dem67, Kyb87, Bla87, Pea891 for counterexamples). 

If we start with a probability function Pr and then 
get some new evidence B, we update it to the con- 
ditional probability function Pr(m1.B). Analogously, we 
can update a belief function viewed as a lower envelope 
by taking the lower envelope of the family of probabil- 
ity functions. Thus, we define: 

BeZ(AjB) = p,gB I WW) 

P+W) = pr;yB 
e 1 P+lB). 

It is not hard to see that the infmmm and supre- 
mum above me not well-defined unless BeZ(B) > 0; 
therefore, we define BeZ(AIB) and PZ(AIB) only if 
BeZ(B) > 0. It is also straightforward to check that 
if BeZ is actually the probability function Pt, and A 
and B are measurable sets with respect to Pr, then 
BeZ(AIB) = Pt(A(B). Thus, our definition of condi- 
tional belief generalizes that of conditional probability. 

As shown in [FH89a], there are elegant closed form 
expressions for conditional belief and plausibility. 

Theorem 2.2: If BeZ is a belief finction on S such 
that BeZ(B) > 0, we have 

BeZ(AIB) = 
BeZ(A n B) 

BeZ(A n B) + PZ(An B) 

PZ(AIB) = 
PZ(A n B) 

PZ(A n B) + BeZ(xn B)’ 

In order to argue that this is a reasonable way to 
update belief functions, we must also show that, just 
as the conditional probability function is a probability 
function, the conditional belief function is a belief func- 
tion. Fortunately, we have the following result from 
[FH89a]: 

Theorem 2.3: Let BeZ be a beZief fxnction defined 
on S and PZ the corresponding plausibility fqmction. 
Let B E S be smh that BeZ(B) > 0. Then BeZ(=(B) 
is a belief function and PZ(.IB) is the corresponding 
plausibility function. 

Our definition of conditional belief and plausibility 
is quite different from that given by Dempster. He 
defines 

BeZ(AIIB) = 
BeZ(A U 3) - BeZ(B) 

1 - BeZ(B) * 

BeZ(.IIB) is indeed a belief function, and the corre- 
sponding plausibility function satisfies 

PZ(AIIB) = “&;;). 

For the remainder of this paper, we call this the DS 
notion of conditioning. While this definition has a rea- 
sonable motivation (which we discuss in the next sec- 
tion), it is well known to occasionally give counterin- 
tuitive answers. In [FH89a], the DS notion is carefully 
compared to our notion of conditioning. Our notion is 
shown to give reasonable answers in the cases where the 
DS notion does not. The discrepancy between the two 
notions can be explained by analyzing both in terms of 
conditional probability; the DS notion can be shown to 
correspond to a somewhat unusual updating process. 
(The reader is encouraged to consult [FHSSa] for more 
details.) 
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3 Belief as evidence function BeZ and a prior probability Pt, we transform 
this to a posterior probability PT’ by using the rule 
of combination. That is, we can consider the mapping 
Pr I-+ P# = Pr $ BeZ. A p~iori, it is not clear that 
this mapping does anything interesting. Clearly, for 
this mapping to have the “right” properties, we need 
to consider how to represent evidence as a belief func- 

Up to now we have viewed belief as a generalized prob- 
ability. This does not seem to be the view of belief that 
Shafer espouses in [Sha76a]. He talks of belief as being 
a representation of a body of evidence. To say that 
BeZ(A) = p is to say that, as a result of the evidence 
encoded by BeZ, the agent has a degree of belief p in 
the proposition represented by the set A. 

From this point of view, it makes sense to combine 
two belief functions BeZl and BeIs. The resulting be- 
lief function BeZ is meant to represent the combined 
evidence encoded by each of BeZl and BeZz separately. 
In order to combine two or more independent pieces of 
evidence, Shafer suggests the use of Dempst er’s mZe of 
combination. For reasons of space, we omit the defi- 
nition of the rule of combination in this abstract; de- 
tails can be found in [Sha76a]. The reader not familiar 
with it should still be able to follow our main points. 
We denote by Bell $ BeZs the belief function obtained 
by combining the belief functions BeZl and BeZ2 using 
Dempster’s rule of combination. 

Shafer presents many examples of the intuitively ap- 
pealing nature of the rule of combination in [Sha76a]. 
He also shows that in some sense we can use the rule 
of combination to capture the idea of updating a belief 
function as the result of learning new evidence. The 
effect of learning B can be captured by the belief fimc- 
tion Leaf nB, which assigns belief 1 to every superset 
of B, and belief 0 to every set which is not a superset 
of B. It is this idea of learning that is used to define 
the DS notion of conditional belief. In fact, it can be 
shown that BeZ(-IIB) = BeZ $ LearnB; i.e., BeZ(-IIB) 
is the result of combining BeZ with the belief function 
that corresponds to learning B. 

This definition may seem quite natural. If we view 
BeZ as a representation of evidence, then a case can be 
made that BeZ(-IIB) p re resents that body of evidence 
that results from combining the evidence encoded by 
BeZ with the evidence that B is actually the case. On 
the other hand, if we view BeZ as a generalized prob- 
ability distribution, we can no longer expect that the 
rule of combination should correspond to a natural up- 
dating process. In fact, as shown in [FH89a], it does 
not. The key point here is that updating and combin- 
ing are different processes; what makes sense in one 
context does not necessarily make sense in the other. 

The discussion above suggests that, whatever evi- 
dence is, evidence and probability are different. They 
are related though. A probability function gets up- 
dated as a result of evidence. This suggests that one 
way we can represent evidence is as an update function. 
As we shall see, belief functions can indeed be viewed 
as update functions. The idea is that given a belief 

tion. 

3.1 Representing evidence 

In most of the examples given in [Sha76a], subjec- 
tive degrees of belief are assigned to various events 
in the light of evidence. Although Shafer shows that 
the degrees of belief seem to have reasonable qualit a- 
tive behavior when the evidence is combined, there is 
no external notion of “reasonable” against which we 
can evaluate how reasonable these numbers are. The 
one place where there is an external of reasonableness 
comes in the area that Shafer terms statistical evidence. 
In this case, we have numbers provided by certain con- 
ditional probabilities. A prototypical example of this 
type of situation is given by the following coin-tossing 
situation. 

Imagine a coin is chosen from a collection of coins, 
each of which is either biased towards heads or biased 
towards tails. The coins biased towards heads land 
heads with probability 2/3 and tails with probability 
l/3, while those biased towards tails land tails with 
probability 2/3 and heads with probability l/3. We 
start tossing the coin in order to determine its bias. 
We observe that the first k tosses result in heads. Intu- 
itively, the more heads we see without seeing a tail, the 
more evidence we have that the coin is in fact biased 
towards heads. How should we represent this evidence 
in terms of belief functions? 

Suppose that we have a space S = (BH, BT}, where 
BH stands for biased towards heads, and BT stands for 
biased towards tails. Let BeZh be the belief function on 
S that captures the evidence in favor of BH and BT as 
a result of seeing the coin land heads once. We would 
certainly expect that BeZh(BH) > BeZh(BT), since 
seeing the coin lands heads provides more evidence in 
favor of the coin being biased towards heads than it 
does in favor of the coin being biased towards tails. But 
what numeric values should we assign to BeZh( BH) 
and BeZh(BT)? A ccording to a convention introduced 
by Shafer [Sha76a, Chap. 111 (discussed in detail in 
the full paper), we should take BeZh(BH) = l/2 and 
BeZh(BT) = 0. By symmetry, the belief function Belt 
representing the evidence of the coin landing tails sat- 
isfies Belt (B H) = 0 and BeZl(BT) = l/2. Note that 
PZh(BH) = 1 and PZ,JBT) = l/2. Thus, the ratio 
PZh(BH) : PZ,JBT) = 2 : 1, which is precisely the 
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ratio of the probability of the observation heads given 
BH (namely, 2/3) to the probability of heads given 
BT (namely, l/3). We will make use of this fact later. 

If we assume that our observations are indepen- 
dent, then it seems reasonable to expect that the 
belief function which represents the observation of k 
heads should correspond in some sense to combin- 
ing the evidence of observing one head k times. Let 
BeZk = BeZh $ n - - $ BeZh (k times); it can be shown 
that BeZk(BT) = 0 and BeZk(BH) = (2” -1)/2k. This 
seems qualitatively reasonable. ‘lcf we see k heads in a 
row, then it is much more likely that the coin is biased 
towards heads than that it is biased towards tails. It 
is also easy to compute that 

(BeZh @ BeZt)(BH) = (BeZh @ BeZt)(BT) = l/3. 

Again, it seems reasonable that if we see heads followed 
by tails, we should have no more evidence in favor of 
the coin being biased towards heads than it being bi- 
ased towards heads (although the particular choice of 
l/3 as the appropriate amount of evidence may seem 
somewhat mysterious). 

What do these numbers tell us about the probability 
that the coin is biased towards heads or biased towards 
tails? Without knowing something about how the coin 
is chosen, probability theory does not give us much 
guidance. For example, if the coin was chosen at ran- 
dom from a collection of 1, 000,000 coins only one of 
was biased towards heads and all the rest biased to- 
wards tails, then even after seeing 10 heads in a row, 
we would still say that it is extremely likely that the 
coin is biased towards tails. 

Now suppose that we know that the coin was chosen 
at random from a collection with proportion ar of coins 
biased towards heads and 1 - (Y of coins biased towards 
tails. By definition, 

Pr(BHlk heads) = P+(BH A k heads)/Pt(k heads). 

A straightforward computation now shows that the 
conditional probability is 2'a/(l+ (2" - 1)cr). As ex- 
pected, this probability approaches 1 as k gets larger. 

Let BeZ be the belief function that describes the ini- 
tial probability; thus BeZ(BH) = a and BeZ(BT) = 
1 - a. If we define Bell = BeZ @ BeZh and BeZk = 
BeZ @ BeZk, then a straightforward computation shows 
BeZl = Pr(-Iheads) and BeZk = Pt(-IX: heads). By 
combining the prior with the belief function that rep- 
resents the evidence, we get the posterior. The same 
phenomenon occurs if we combine the prior with Belt. 

Judging by this example, Shafer’s definition of BeZh 
and Belt has two very interesting properties, namely: 

e when we combine BeZh with a prior on S = 
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(BH, BT}, we get the conditional (posterior) 
probability on S given that heads is observed. 

BeliZ in some sense represents the evidence en- 
coded observing k heads, and BeZh $ Bell rep- 
resents the evidence encoded by observing heads 
and then tails, in that if we combine these belief 
functions with the prior, we get the appropriate 
conditional probability. 

Choosing the right representation 

Obviously, we now want to know whether these prop- 
erties hold not just for certain observations made in 
this coin-tossing example, but in general. The answer 
is yes, and the appropriate theorems that show this 
can already be found in [Sha76a]. We review Shafer’s 
theorems in the full paper in detail, as well as his way 
of representing evidence. The upshot is that any be- 
lief functions BeZh and Belt can be used to represent 
the observations heads and tails respectively and will 
satisfy the two properties above, provided that the ra- 
tio of PZh(BH) : PZh(BT) = 2 : 1 = Pr(heudslBH) : 
Pt(heuds(BT), and PZ,(BH) : PIi = 1 : 2 = 
Pt(tuiZslBH) : Pt(tuiZslBT). (As we observed above, 
Shafer’s representation indeed has this property.) 

There are other reasonably motivated representa- 
tion schemes with these properties, besides the one 
suggested by Shafer. One is suggested by Dempster 
[Dem68] (see [Sha76b] for a comparison between his ap- 
proach and that of Dempster). Yet another is defined 
by Smets (see [Sha82] for a discussion of Smets’ rep- 
resentation). We consider a fourth reasonable choice 
(also considered in [Sha82]), which we would claim is 
perhaps the most natural of all; namely, to consider 
the unique belief function that satisfies the condition 
stated above that is also a probability function. 

In our coin-tossing example, let Pth and Ptt rep- 
resent the probabilistic belief function that captures 
the observations of heads and tuifs respectively. Ln 
order to get Prh(BH) : Prh(BT) = 2 : 1, we must 
have Pth(BH) = 2/3, Prh(BT) = l/3. Similarly, 
we have Prt(BH) = l/3, Ptt(BT) = 2/3. Al- 
though Pth and Pr t can be viewed as probability 
functions, they should not be thought of as represent- 
ing the probability of BH or BT in any sense cor- 
responding to the frequentist or subjectivist interpre- 
tation of probability. Rather, these are encodings of 
the evidence for BH and BT given the observations 
heads and tails respective1y.l It is easy to check that, 

‘They are, in fact, closely related to the likelihood functions 
introduced by R. A. Fisher. We discuss the relationship in more 
detail in the full paper. See also [Ha&51 for further discussion 
of likelihoods. 



for example, we have Prt(BH) = 2k/(2k + 1) and 
Pri(BT) = 1/(2k + l), where Pti = Prh @ 0.. $ Prh 
(k times). Again, the more heads we see, the greater 
the evidence that the coin is biased towards heads. 
And if we combine this with a prior Pr such that 
Pt(BH) = cw, then an easy computation shows that 
(Pr @ Pr;)(BH) = 2ka/(1 + (2k - l)(y). Thus, 
(Pr $ PrL)(BH) = Pt(BHlk heads). This shows that 
(at least in this example) the probabilistic representa- 
tion of evidence has the same properties we observed 
with Shafer’s representation. 

There is one additional property we might require of 
a representation of evidence. Suppose that we make 
k independent observations. It seems that this should 
be equivalent to making one joint observation. In our 
coin-tossing example, we might expect that observing 
heads and then observing tails should be identical to 
making the joint observation (heads, tails). Unfortu- 
nately, as Shafer already observed [Sha76a, p. 249- 
2501, his representation does noi have this property 
in general. Ret urning to our coin tossing example, 
recah that (Belh $ BeZt )( BH) = l/3. As we show 
in the full paper, it follows from Shafer’s definitions 
that if BeZ(hlt) is the belief function that represents 
the joint observation “heads followed by tails”, then 

BeZp,t) (BH) = 0. Thus BeZh $ BeZt # BeZlhlt). 

The fact that Shafer’s approach to representing ev- 
idence does not represent a joint observation in the 
same way that it represents the combination of the 
individual observations has disturbed a number of au- 
thors [Dia78, Sei81, Wil78]. In fact, in a later paper 
[Sha82], Shafer has indicated that he is inclined to 
agree that this property is unacceptabIe. In the full 
paper we focus on this problem in more detaX We 
show that the probabilistic representation of evidence 
discussed above does satisfy it. l’vIoreover, we show that 
if we make one reasonable assumption, then the proba- 
bilistic representation of evidence is the only represen- 
tation that satisfies this additional property. Roughly 
speaking, our assumption says that all that matters is 
the relutiee likelihood of observations. In terms of our 
coin-tossing example, this means that all that mat- 
ters is the ratio of Pt(headeJBH) : Pr(heudslBT), 
and not the actual values of the conditional proba- 
bilities. Of the representations mentioned above, this 
assumption is satisfied by Shafer’s representation and 
by the probabilistic representation, but is not satisfied 
by either Dempster’s representation or Smets’ repre- 
sentation. For a more general discussion of the issue of 
representing belief, the reader is encouraged to consult 
[WaI87]. 

4 Examples 

Depending on which of the two views of belief functions 
we take, we wiIl model a situation in very different 
ways. For example, it is typically assumed that lack of 
information about an event E should be modelled by 
the vacuous belief function BeZ, so that BeZ(E) = 0 
and PI(E) = 1. While this way of modelling the lack 
of information is consistent with the view of belief as 
a generalized probability (intuitively, our information 
is consistent with E having any probability between 0 
and l), it is not in general consistent with the view of 
belief as evidence. To take a simple example, suppose 
we have two fair coins, call them coin A and coin B. 
Someone tosses one of the two coins aud announces 
that it lands heads. Iutuitively, we now have no evi- 
dence to favor the coin being either coin A or coin B. 
Taking the view of belief as generalized probability, we 
would have BeZ( A tossed) = 0 and PZ( A tossed) = 1. 
However, taking the view of belief as evidence and us- 
ing the probabilistic representation of belief, we get 
BeZ(A tossed) = PZ(A tossed) = l/2. Lack of infor- 
mation is not being represented by the vacuous belief 
function under this viewpoint. 

In general, starting with a (belief function represent- 
ing a) prior, if we get new evidence, we can either up- 
date the prior, or combine it with a belief function 
representing the evidence. As we already saw in the 
coin-tossing example of Section 3, we get the same an- 
swer no matter how we do it (although the interme- 
diate comptuations are quite different), providing we 
represent the evidence appropriately. The one thing 
we must be careful not to do is to represent the evi- 
dence as a generalized probability, and then combine 
it with the prior. 

To understand this issue, consider the following 
slightly simplified version of a puzzle appearing in 
[IIu.u87]: Suppose that we have 100 agents, all hold- 
ing a Iottery ticket, numbered 00 to 99. Suppose that 
agent al holds ticket number 17. Assume that the lot- 
tery is fair, so, a priori, the probability that a given 
agent will win is l/100. We are then told that the 
first digit of the winning ticket is 1. Straightforward 
probability arguments show that the probability that 
the winning ticket is 17 given that the first digit of the 
winning ticket is 1 is l/10; thus, agent l’s probability 
of winning in light of the new information is l/10. 

How can we represent this information using belief 
functions? Hunter essentially considers two belief func- 
tions on the space S = (al,. . . , ~100)~ where BeZ(u;) 
represents the belief that a; wins. It seems reason- 
able to represent the information that the lottery is 
fair by the belief function Bell where BeZl((a;}) = 
PZl((ui}) = l/100, for i = 1,. . . ,100. (Note that this 
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belief function is actually a probability function.) 

Now how should we represent the second piece of 
information? Hunter suggests representing it by the 
belief function BeZz which is the lower envelope of the 
set P of probability functions on S that assign {al} 
probability l/10. Thus, we have BeZs((u1)) = l/10 
and BeZz({uz, . . . , aloo}) = 9/10, but BeZz(A) = 0 if 
A is a strict subset of (a~, . . . , aloo}. 

Hunter then considers the result of combining these 
two belief functions by using the rule of combination. 
In the light of our previous discussion, it should not be 
surprising that the result does not seem to represent 
the combined evidence at all. In fact, an easy com- 
putation shows that the result of combining BetI and 
BeZz is a probability function that places probability 
l/892 on al winning, and probability 9/892 OIL ai win- 
ning, for i = 2,. . ., 100. It certainly does not seem 
appropriate that the evidence that al’s probability of 
winning is l/10, when combined with the information 
that the lottery is fair, should decrease our belief that 
u1 will win and, in fact, result is a belief that any other 
agent is 9 times as likely to win as al! 

There may be some objections to the appropriate- 
ness of the use of the rule of combination here (these 
are discussed in the full paper), but as the discussion in 
the previous section suggests, the real problem here is 
that we are trying to use the rule of combination with a 
belief function that is meant to represent a generalized 
probability. The point is that BeZz does not represent 
the evidence appropriately. In order to apply the tech- 
niques discussed in the previous section for represent- 
ing the evidence, we need to know the likelihood, for 
each agent Ui, that the first digit of the winning num- 
ber is 1, given the hypothesis that ai wins the lottery. 
In the case of al, it is easy to compute this probability: 
since al’s number is 17, the probability that the first 
digit of the winning number is 1 given that al wins is 
1. In the case of the other agents, we cannot compute 
this probability at all, since we do not know what their 
lottery numbers are. 

In order to deal with this problem, first consider a 
fixed assignment A of lottery numbers to agents, so 
that A(i) is the lottery number of ai. We assume (as 
is the case in the story) that A(1) = 17. With re- 
spect to this fixed assignment, it is easy to see that 
there are 10 agents oi for which the probability that 
the fist digit of the winning number is 1 given that 
oi wins is 1; namely, all those agents a; such that the 
fist digit of A(i) is 1. For every other agent ai, the 
probability that the fist digit of the winning num- 
ber is 1 given that ai wins is 0. Using the probabilis- 
tic representation of evidence discussed in the previ- 
ous section, we would thus represent the evidence that 
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the first digit of the winning lottery number is 1 by 
the belief function Belt such that the mass function 

Vi? ({“il) = l/10 for each agent oi such that the first 
digit of A(i) is 1 (note that, in particular, this includes 
al), and m$((oi}) = 0 if the first digit of A(i) is not 1. 
It is now easy to check that BeZl $ Belt = Belt. Thus, 
independent of the assignment A of lottery numbers, 
we have (Bell @BeZt)((al}) = l/10, as expected. (We 
would get essentially the same results using the other 
representations discussed in the previous section.) 

In the full paper, we also consider in detail the puz- 
zle of of Mr. Jones’ murderer, introduced in [SK89]. 
Our analysis of this puzzle can also be applied to the 
three prisoners problem (this problem is analyzed un- 
der the viewpoint of beliefs as generalized probabilities 
in [FH89a]). 
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