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Adaptation is one of the most important capabilities that
an intelligent agent should present. In order to provide this
capability to logical-based agents, the Belief Change area
proposes methods to incorporate new information in a belief
set. Properties like consistency and minimal change guide
the change process. The notion of minimal change is usually
associated with a closeness criterion based on a distance be-
tween the models of the belief set and the models of new in-
formation (Katsuno and Mendelzon 1991). In (Dalal 1988),
Dalal has proposed a notion of distance that considers as the
minimal belief unit a propositional symbol. This notion has
been widely used by belief revision (Dalal 1988) and belief
update (Forbus 1989; Winslett 1988) methods. Both areas
focus on a semantic definition of belief sets.
In this paper we investigate how we can obtain syntactic be-
lief update operators by representing beliefs as prime impli-
cants. The belief update is performed over sets of models
instead of models.
Prime implicants are defined as a special case of DNF
form. This form consists of the smallest set of terms closed
for inference, without any subsumed terms and without any
pair of contradictory literals. We consider that beliefs are ex-
pressed with respect to propositional language L(P ), where
P = {p1, . . . , pn} is a finite set of propositional symbols
and {L1, . . . , L2n} is the set of associated literals. A term
is a conjunction of literals D = L1 ∧ · · · ∧ LkD

. In the
sequel, terms are seen as sets and D the set of all possible
terms. We define IPψ as a disjunction of all prime impli-
cants of ψ such that ψ ≡ IPψ . Since we consider each
prime implicant as representing a belief state, instead of a
world, we have to assume that we are able to express prefer-
ences over a set of terms. Let � be a pre-order representing
these preferences. Let Γ be a set of terms and min(Γ,�)
be the subset of minimal terms w.r.t. preference relation �
such that min(Γ,�) = {D ∈ Γ | �D′ ∈ Γ s.t. D′ � D and
D′ � D}. Among all the possible terms we characterize
the set of “relevant” terms which will help us to calculate
the updated belief set. Those terms are constructed with the
help of prime implicants IPψ and IPμ as follows: for every
Dψ and Dμ, a new term is obtained by adding to Dψ all the
literals of Dμ which are not conflicting with the literals to
Dψ . Let Γ be a function that computes this set of relevant
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terms:

Definition 1 (Γ) Let IPψ and IPμ be two sets of prime im-
plicants. Let Γ : L(P ) × L(P ) �→ 2D be a function that
combines terms as follows:

Γ(ψ, μ) = {Dμ ∪ (Dψ −Dμ)|Dψ ∈ IPψ and Dμ ∈ IPμ}
Terms characterize sets of models and the following condi-
tion (PI-T) relates preferences over sets of models. That is,
we constrain preferences in such a way that, removing some
models from a set of models (represented by a term Du),
can not lead to a new set (represented by Dv) that is more
preferred. In other words, this constraint will help us to en-
force minimal change by avoiding preferences that favor too
specific terms. Let Du ∈ D and � be a pre-order; condition
(PI-T) holds iff

∀Dv ∈ D ((Du ⊆ Dv)⇒
(Du � Dv and Dv � Du)) (PI-T)

Our aim is to state a theorem that describe belief update op-
eration in terms of preferences over terms. First we intro-
duce constraint (P1-T) which constrains preferences.

(P1-T) For all Du, Dv ∈ Γ(ψ, μ), if Du �= Dv then
Du <Du Dv

As shown by constraint (P1-T), preferences are now in-
dexed by terms instead of worlds. In order to accommo-
date our own notion of change, we slightly reformulate the
KM postulates (Katsuno and Mendelzon 1991). That is, pos-
tulates have to reflect that update should be viewed as ap-
plying change to each prime implicant of the initial belief
set. It follows that our update notion differs from Katsuno-
Mendelzon definition. In our context, the minimal object of
change is the minimal set of literals that entails the belief
set while Katsuno-Mendelzon considers as minimal object
of change a model of the belief set. It means that we con-
sider a prime implicant as a minimal unit of interpretation of
a belief set rather than a world; in fact we consider as mini-
mal unit the answer to the question “what is the minimal set
of literals that is required to entail a belief set?”; i.e., what
is the set of relevant literals that entail the belief set. Let ψ
and μ be two propositional formulas; ψ �IP μ denotes the
updated belief base. The following postulates characterize
operator �IP :
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(U1-T) ψ �IP μ implies μ.
(U2-T) If ψ implies μ then ψ �IP μ is equivalent to ψ.
(U3-T) If both ψ and μ are satisfiable then ψ �IP μ is also

satisfiable.
(U4-T) If ψ1 ≡ ψ2 and μ1 ≡ μ2 then ψ1 �IP μ1 ≡ ψ2 �IP
μ2.

(U5-T) (ψ �IP μ) ∧ ϕ implies ψ �IP (μ ∧ ϕ).
(U6-T) If ψ�IP μ1 implies μ2 and ψ�IP μ2 implies μ1 then
ψ �IP μ1 ≡ ψ �IP μ2.

(U7-T) If IPψ = {Dψ} then (ψ�IPμ1)∧(ψ�IPμ2) implies
ψ �IP (μ1 ∨ μ2).

(U8-T) (ψ1 ∨ ψ2) �IP μ ≡ (ψ1 �IP μ) ∨ (ψ2 �IP μ).
All postulates are identical to KM postulates (U1)–(U8) ex-
cept postulate (U7-T). This postulate rephrases condition “ψ
has to be complete” as “ψ has to be represented by only one
prime implicant”. In other words, this postulate enforces to
focus changes on the set of relevant symbols (defined by the
implicants). Preferences are only defined over a specific set
of terms given by Γ. As mentioned, our unit of interpreta-
tion is a prime implicant and thus the definition of the output
given by �IP will be obtained by selecting minimal elements
w.r.t. to preference relations indexed by terms rather than by
worlds. The remaining question is “what is the relevant set
of terms that has to be considered for extracting minimal el-
ements?”. Since the selection is relative to a prime implicant
Dψ , the relevant set of terms will only be defined w.r.t. Dψ ,
that is set Γ(Dψ, μ). Hence, a key difference between the
operator �, proposed by Katsuno and Mendelzon, and �IP
is that the result given by �IP is a subset of Γ(Dψ, μ) while
the result given by � is a subset of W , i.e. the set of all
possible interpretations. Following (Katsuno and Mendel-
zon 1991), we now show that whenever constraints (P1-T)
and (PI-T) hold, the eight update postulates are satisfied:
Theorem 1 (Update operator) Let IPψ and IPμ be two
sets of prime implicants. Update operator �IP satisfies (U1-
T)–(U8-T) if and only if for all Dψ ∈ IPψ (i) relation �Dψ

defined over the subset of terms Γ(Dψ, μ) is a pre-order, (ii)
constraint (P1-T) holds, (iii) condition (PI-T) holds w.r.t.
Γ(Dψ, μ) and �Dψ

and

DNFψ�IPμ =
⋃

Dψ∈IPψ

min(Γ(Dψ, μ),�Dψ
)

We omitted the proof due to the lack of space. Even if the
two update operators � and �IP are different, they obey al-
most identical postulates. Thus, if we connect preferences
over terms and preferences over models, we are able to es-
tablish a link between update operators � and �IP . We relate
preferences by formulating a constraint denoted (KPW).
This constraint states that, for each Dψ ∈ IPψ , for all
Dμ ∈ IPμ, and for all Du and Dw ∈ Γ(ψ, μ), at least one
model in which Du holds is preferred to all models in which
Dw holds:

(∀Du, Dw ∈ Γ(ψ, μ),∀Dψ) Du �Dψ
Dw ⇐⇒

∃u0 ∈ [[Du]],∀w ∈ [[Dw]] u0 �Dψ
w (KPW)

Suppose that constraint (KPW) holds. It entails that our up-
date operator produces less models than the initial ones since
preferences are indexed by prime implicants; i.e., each prime
implicant represent a set of worlds. It follows that in terms
of strength, we get that operator �IP is stronger than the ini-
tial operator �: an operator �1 is said to be stronger than a
second operator �2 if the set of models of ψ �1 μ is included
in the set of models of ψ �2 μ (Herzig and Rifi 1999):
Theorem 2 Let ψ and μ be two formulas. Assume prefer-
ences �Dψ

such that (P1-T) holds for every �Dψ
and for

all D ∈ Γ(ψ, μ), condition (PI-T) holds w.r.t. Γ(ψ, μ) and
every �Dψ

; assume preferences �w such that for all w,
w′ �= w, constraint w <w w′ holds for every �w and con-
straint (KPW) holds. The set of models of [[ψ �IP μ]] is
included in [[ψ � μ]].
The remaining question is to set specific conditions, so that
both update operators produce equivalent results. First if ψ
is inconsistent or μ is inconsistent then the resulting belief
sets are inconsistent and thus equivalent. Second, KM postu-
late (U2) and postulate (U2-T) entail that if ψ ∧ μ is consis-
tent, then the resulting belief set is consistent and equivalent.
Finally, resulting belief sets are also equivalent if ψ is com-
plete.
Proposition 1 Let ψ and μ be two propositional formulas.
Assume update operator �IP s.t. (U1-T)–(U8-T) hold and
update operator � s.t. (U1)–(U8) hold.

[[DNFψ�IPμ]] = [[ψ � μ]]
holds if (i) ψ is inconsistent or μ is inconsistent; or (ii) ψ∧μ
is consistent; or (iii) ψ is complete and constraint (KPW)
holds.

The update operator proposed focuses on the set of relevant
literals, those that are involved in the change operation. If
the belief base is viewed as a set of options, prime implicants
represents which are the relevant literals in an option and, in
that context, update operator �IP can be viewed as a process
of option revision. The output is then the union of the revised
options.
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