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on eadl fleeing player by interpreting the player’s
mouse clicks: pathfinding must be done on each minion
so that they give dmse to the human players, and
pathfinding nmst be done on each hireling so that
they flee with their respective employers. On a slow
computer or in a network game, this computationally
intensive scenario reduces the game to a slide show,
often leading to a player’s untimely death, since the
minions still attack even while the game appears
"frozen ~ to the humanplayers. One of the solutions
applied by Blizzard was to magically trmlsport the
hireling to beside the player instead of calculating
a path to move the hireling to tile player. Another
solution was to programthe minions such that they lose
interest in chasingthe player if the player is too far away.

Abstract
Pathfinding is a computationally expensive
component of many computer gaines. Typically, a (rectangular) tile grid is superimposed
over the region, then somesort of graph search
is used to find the optimal path. In this paper,
we mathematically prove and empirically show
that the hexagonal grid is superior to the
conventional tile grid for IDA*. Pathfinding
using a hexagonal grid will generate smoother
and shorter paths. Furthermore, searching oil a
hexagonalgrid instead of a tile grid will result
in exponentially faster seardles. Although
the hexagonal grid is better than the tile grid
in mmly ways, it is difficult to implement
in practise. Consequently, we introduce the
tex grid which retains the advantages of a
hexagonalgrid but is easier to impleinent.
1
Introduction
Pathfinding in computer games may be easy, but to
do it well is hard. Consider Diablo II, a successful
multi-player game. To be very brief, the player basically
runs around told kills hordes of demonic minions...
over and over again. To fnish the ganle, the player
usually exterminates a few thousand minions. The game
involves quite a lot of pathfinding, since each of these
minions either chases the player, or (less commonly)
runs away from the player. In the meantime, the player
is rapidly clicking oll the screen in ml effort to either
chase the minion, or (more commonly) to run away
from the minion and company. All this frantic running
and chasing requires pathfinding computations. To
complicate the matter, the player is allowed to hire
NPCs(called hirelings) or play with other humans
an effort to kill more minions. This significantly adds
to the complexity of the game in terms of pathfinding.
Consider this complicated situation, where a party of
human players with hirelings is attacked by a very
large horde of minions. Being very sensible, the human
players all independently run in different directions to
escape tlle horde. In this state, pathfinding is done
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Consider The Sims, where the player controls a fandly
in a household environment. Often, the house is cluttered with obstacles like furniture, makingpathfinding
slightly tricky. Typical pathfinding problems involve
deadlocks when two Sims are trying to occupy tlle same
space at the same time. A commonsituation is when a
Sire has just finished using the bathroomand is trying
to leave through the bathroom door. Simultaneously,
another Sim desperately needs to go and rushes towards
the bathroom. The two Sims collide at the bathroom
door and a deadlock ensues. Often the player must
personally resolve the issue. This situation could be
avoided if the pathfinding is better and if the Simscould
learn simple courtesy.
Manycomputer games like The Sims, the Civilization
series, and the Baldur’s Gate series conduct pathfinding
on a (rectangular) tile grid. Each tile has a positive
weight that is associated with the cost to travel into that
tile. Typically the pathfinding algorithm is some type
of A* search on tile tiles. Somegames like BioWare’s
upcoming Neverwinter Nights use IDA* (Iterative
Deepening A*), which avoids the open list used in
A* and its associated memoryand maintenance costs.
While IDA* avoids the overhead of maintaining and
storing the open list, it is typically slower than A*.
For the rest of this paper, we assume all pathfinding
searches are done with IDA*.

There are two ways to conduct pathfinding searches
on tiles. Traditionally: one is allowed to movein the
four compassdirections on a tile; however,it is possible
to also include the four diagonal directions (so eight
directions ill total). Wecall the latter the octile grid
and the former the tile grid. Weshall prove that the
octile grid is inferior to the tile grid for IDA*searches.
Other than the tile and octile grids, tile hexagonal(or
hex) grid is also known,although it is only seen in war
strategy games. This is very unfortunate since choosing
tile hexagonal grid instead of the tile or octile grid
results in exponentially faster pathfinding searches.
Figure 1: Optimal Paths on Different Grids
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Tiles, Octiles, and Hexes. Ohmy!

The speed of the IDA*search depends on tile number
of nodes it needs to examine. Analysis has shown that
the size of the nodes to be searched is O(bD) [Korf et
al, 2001], where b is the average branching factor and
D is the depth of the search. Intuitively, this is because
IDA*checks every path of length D, and at each depth,
eachnodebranches
intob morenodes.A searchon a
tilegridhasfourdegrees
of movement.
Hencefor a
pathfinding
search,
weneedto checkwhichof thefour
adjacent
tileswe wishto explore
next.Sincewe never
backtrack
in an optimalpath,we neednotcheckthe
direction
we camefrom.Allin all,we needto check
atmostthree
adjacent
tilesateverytileexcept
forthe
start
tile.
Wesaytilebranching
factor
ofa tilegridis
three,
b = 3,sinceweneedtocheck
threeadjacent
tiles
pertilevisited.
If tlmlength
ofthepathfromthestart
tiletothegoaltileisD, thenwesaythedepthof the
search
is D.Illconclusion;
thesizeof thenodestobe
searched
ina tilegridisO(3D).
Nowconsider a hex grid with six degrees of movement. Using a similar argument, one might deduce
that tile branchingfactor of a hex grid is five; however,
we can do better and reduce the branching factor
to three. Let N, E: S, Wbe four hexagonal tiles
(corresponding to the compass directions) such that
every tile is adjacent to the other three. Clearly an
optimal path from S to E would not be SNE using
positively weighted edges. In terms of the graph search,
if one was to enter hex N from S, then the next search
would review the three hexes adjacent to N but not S.
Clearly. S can be omitted as an optimal path would
never backtrack. It follows easily that we need not
consider
E or W because SNE or SNWare more
costly than SE or SW(and SE and SWwere already
considered as path candidates when we searched at S).
In summary, at each non-root hex, we need only examine three hexes and hence a branching factor of three.

represented by the hex grid is shorter than the path
represented by tim tile grid. It follows that because tile
hex path is shorter, one doesn’t need to search as deep.
In fact, one can mathematically show that given the
same distance: a tile grid will search with depth D while
a hex grid will search with depth 0.81D [Yap, 2002].
If we combine our knowledge of the branching factors
and the depths of both grids, it follows that if the tile
grid searches through O(3D) tiles in a search, then the
hex grid searches through 0(3°’slD) ~ O(2.42D). This
result is very significant because it proves that a hex
grid is exponentially faster than a tile grid for an IDA*
search.
Wecan nowconsider the octile grid, which has eight
degrees of movement.Using similar arguments, we can
conchde that the branching factor of an octile grid is
five. One can also mathematically showthat if the tile
grid is seardmd for D depth, then the octUe grid is
searched for D/V~depth. Hencean octile grid searches
O(5~D) ~ O(3.14D). Intuitively,
the depth for the
octile should be less than that of a tile because one
diagonal octile move is equal to two tile moves (see
Figure 1). Although an octile grid need not search as
deep as a tile grid, it is clear that the octile grid is
the worst of the bunch due to its branching factor of
5. While one may claim that the octile grid produces
smoother and shorter paths, this can be accomplished
more efficiently by smoothing ttm tile path. A tile
search with path smoothing produces the same result
as aa octile search but is exponentially faster. In terms
of IDA*search speed, tiles are better than octiles, and
hexes are better than tiles. Do hex grids have any
disadvantages?Well, a hex grid is slightly moredifficult
than the rectangular grids to implement due to its
hexagonal shape.
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Welcomingthe Tex Grid

We haveestablished
thatthebranching
factor
ofboth hi addition to the exponential search advantage that
thetilegridandthehexgridis three.
Forcomparisonthe hex grid enjoys over the tile and octile grids, hexes
purposes:
we equatetheareaof thehexwiththatof have very nice geometric properties. For example: each
a tile.Giventhesamedistance,
on average,
a path hex is perpendicular and equidistant to each adjacent

hex;furthernlore:
a hexshax’es
exactly
ozmsidewith
eachadjacent
Imx.Forthesereasons,
it is commonto
seehexesusedin warstrategy
gaales.
Unfortunately,
because
oftheregular
hexagon’s
shape,
thehexgridis
hardto implement.
As such,we introduce
thetexgrid
whichis topologically
equivalent
witha hexstructure
butusestiles.Onecanimagine
a rexgridas a tile
gridsuchthatthe oddcolumnsaremovedup by half
theheight
of a tile(seeFigure
2).A bricked
wall
anotherexampleof a rex grid.Tex gridsare more
manageable
thanhexgridssincespaceis represented
as rectangles.
Additionally,
eachtexis equidistant
Figure 2: A tile grid and the corresponding tex grid
andshareexactly
onesideto eachadjacent
tex;but
moreimportantly,
texeshavea branching
factorof
three.Theoretically,
texesareonlyslightly
slower gridsperform
evenbetter
in thepresence
of obstacles
thanthe hexgridon average;
0(3°’s°go)instead
of andvariable
terrain
weights.
Onecurious
result
from
O(3°’s°sD).
Another
obvious
advantage
thattexeshave these
trials
isthefactthatthetexgriddoesbetter
than
overhexesis thateverytexpathis shorter
thana tile thetilegridonthe10x10grid,butnotaswellollthe
path.,whereassonmImx pathsarelongerthansonm 20x20grid(incontrast
tothetheory);
thisis probably
tilepaths(butonaverage
is shorter).
Allin all,tex because
thesmall10x10gridlimits
theexponential
size
grids
areexponentially
faster
thantiles
andoctiles
(mid ofthesearch
tree.Ingeneral,
wewouldexpect
texgrids
slightly
slowerthanthehexgrid),produces
smoother todobetter
thantilegrids
expoxmntially
asthegridsize
and shorterpaths,and are easyto workwith.The increases.
attributes
forthechoice
ofgridissummarized
inTable
1.
Table 2: Empirical Results
Table1: Summaryof Grids
Tezl-’atl~ Te=lN odes
TecTime
Size Weights Obstacles"rill,
Grid BranchingAverage Nodes
Path
TilP IVad~
TileTimP
102
1
20%
0.80
0.1
0.2
Type
Factor Depth Examined
u)
202
1
20%
0.81
0.3
0.4
Octile
5
0.71D
O(3.14
z
I0
°)
1,2
10%
0.83
0.2
0.3
Tile
3
1.00D
0(3.00
102
°)
1,2
20%
0.82
0.001
0.002
Hex
3
0.81D
O(2.42
D)
’rex
3
0.81D
O(2.43

5 Conclusion
4

Empirical Results

This paper has shownthe asymptotic theoretical results,
but it is unclear howtex grids behave for the grid sizes
normally used in practise. This section contrasts the
costs of IDA*searches on tile grids, against comparable
tex grids. By comparable we mean that the tile grid
and its equivalent tex grid can be fairly cornpared. For
example in Figure 2, the tex grid can’t be comparedto
the tile grid since the tile grid can not reach A while
the tex grid can. All test cases where the rex grid has
an unfair advantage over the tile grid are removed.

Whilewe haveshownthemanyadvantages
of hexesincluding
itsexponentially
faster
search
speed,
it isthe
moremanageable
rexgridthatwe expectfuturegames
to use.Theseresults
areonlyapplicable
to gmneswhich
useIDA*.Current
research
isfocused
ollpathfinding
oll
gridsusingA*.

6 Acknowledgments
I ant indebted
to MarkBrockington
of BioWare,
who
patiently
explained
to me theproblems
of pathfinding
in commercial
gaines.I wouldalsolike to thank
my supervisor,
Jonathan
Schaeffer,
who helpedwith
everything
despite
hisbusyschedule.

Thetile~Tidanditscomparable
rexgridarecomFinancial support was provided by NSERCand
paredin 10--independent
trials
(seeTable2).In each
trial,
a fixed
number
ofobstacles
arerandomly
placed
on iCORE.
thegrid,afterthatthestartandthegoalarerandomly
placed.
Eachtileortexhasa weight
ofeither
1 or2,to References
[Korf et al., 2001] R. Korf, M. Reid: and S. Edelkamp.
denote
thecosttoenterthattileortex.Additionally,
Timecomplexity of iterative-deepenng-A*. Artificial
a pathexistsbetween
thestartandthegoalin every
Intelligence, 129(2):199--218,2001.
trial.
A glance
attheTilePuth
TezPath
column
showthatitreaf[Yap, 2002] P. Yap. Pathfinding on Different Grids. To
firms the theoretical prediction of 0.81. The TexNodes
sl
OW
appear
and TezTime
~ cl ar ye i1 that
searches on tex grids are
faster and examineless nodes. It is also clear that tex

97

