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Abstract 
Adding diversity to symbolic search techniques has not 
been explored in artificial intelligence. Adding a diversity 
criterion provides us with a powerful new mechanism for 
finding global maxima in complex search spaces and helps 
to alleviate the problem of premature convergence to local 
maxima. A theoretical analysis is presented of issues in 
diversity searching which previously haven’t been 
addressed, and a domain-independent diversity-search 
algorithm for practical breadth-first searching is devel- 
oped. Empirical results of an implementation in the CRE- 
SUS expert system for intelligent cash-management con- 
firm that diversity can significantly improve the solution 
quality of symbolic searchers. 

Introduction 
This paper presents a new symbolic technique for tack- 
ling a fundamental problem found in all search techniques 
used in complex domains: converging to a local maxi- 
mum at the expense of not finding a global optimum. In 
large and complex search problems where it is impossible 
to visit a significant fraction of the possible states, heuris- 
tic evaluation functions must be used to decide which 
intermediate solutions to reject and which to pursue. This 
can cause pruning of locally suboptimal intermediate 
states even though they may have led to a better global 
solution. This recurring problem has not been studied in 
depth and thus there are not many good solutions to it. 

This problem manifests itself in all heuristic search 
paradigms. In genetic algorithms (Holland 1975) one of 
the main problems affecting search performance is 
“premature convergence”, where most of the members of 
the “population” end up being very similar to each other 
and many potentially useful “genes” are lost. This results 
in suboptimal solutions when the best solution included 
one of the lost genes. A similar problem occurs in 
breadth-first search as we will see. 

In depth-first search such as game-trees, there is a simi- 
lar problem called the “horizon effect”. The evaluation 
function gives an inaccurate estimation of the cost of a 
state because it was at an unstable local maximum or 
minimum (for example threatening the king in chess), 
thereby misleading the search to prefer that state even 
though it may not ultimately lead to an optimum. 
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This paper develops and evaluates a method I call 
“diversity search”. Diversity search maintains the unique- 
ness of intermediate states and operators in order to 
increase the coverage of the space searched. It promises 
to improve the performance of many types of searchers by 
alleviating the local-minimum problem. Although it can 
augment most search techniques, it has received little 
attention in artificial intelligence. The idea has been used 
in genetic algorithms (Mauldin 1984) and simulated 
annealing (Kirkpatrick, Gelatt & Vecchi 1983) but hasn’t 
been attempted in symbolic search methods such as 
depth-first or breadth-first search. This paper reports work 
which has combined ideas found in genetic algorithms 
and simulated annealing with symbolic search techniques. 
I address some issues surrounding diversity search which 
haven’t previously been considered, then develop a 
domain-independent algorithm for diversity-search in a 
breadth-first searcher. An implementation is presented in 
CRESUS (Shell et al. 1992), a working expert-system in 
the complex domain of cash-management, with empirical 
results that show that diversity search can significantly 
improve global search performance. 

Related Work 
Here we consider related solutions to the local maximum 
problem in different search formalisms and contrast them 
to diversity search. Although diversity search hasn’t been 
addressed in symbolic search, it has been addressed in 
genetic algorithms. Genetic algorithms simulate natural 
evolution to optimize an evaluation function. They are 
analogous to breadth-search where the intermediate states 
are called “genomes”; sets of states correspond to popula- 
tions; and the evaluation function corresponds to the 
physical environment. New states are generated by apply- 
ing genetic operators such as crossover or mutation to 
single or pairs of parent genomes. Genomes with the 
highest evaluation function have the best probability of 
“reproducing.” Search proceeds by reproducing and 
replacing genomes for typically several thousands of 
generations, and picking the most fit genomes from the 
resulting population. Genetic algorithms are mostly used 
in machine learning (DeJong 1990). 
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DeJong (DeJong 1975) recognized early on that prema- 
ture convergence in genetic algorithms adversely affected 
performance and attempted to alleviate it. He employed 
probabilistic reproduction and operator mutation so that 
the locally favored genes wouldn’t dominate the pool. 
Although this increased the diversity of the population it 
didn’t significantly improve performance. Adding a 
“crowding factor”, which limited the number of geno- 
types similar to the favored genotype, helped his system 
on his hardest test case (F5). Mauldin (Mauldin 1984) 
later introduced an explicit diversity criterion into genetic 
search and showed that diversity significantly improved 
performance using DeJong’s 5 polynomial test functions. 
Booker (Booker 1987) developed several new crossover 
strategies (such as using two crossover points and strate- 
gically varying the crossover rate) which gave similar 
improvement without explicitly introducing diversity. 

For several reasons, diversity in genetic algorithms 
doesn’t transfer easily to symbolic search methods. 
Genetic algorithms usually require several thousand itera- 
tions to find an optimized solution. This works well for 
the simple polynomial functions used in much of the 
genetic-algorithms literature where the evaluation is fast 
and states are represented in few bits, but isn’t feasible in 
knowledge-rich systems where the evaluation function 
takes longer to compute and the states are more complex. 
Furthermore, the two orthogonal criteria of diversity and 
primary evaluation cannot be combined in the same way 
by symbolic searchers, as we will see. Finally, the metric 
used to evaluate diversity in genetic algorithms is simply 
the “Hamming distance” between the bit-strings repre- 
senting each genome. Since symbolic search methods 
don’t usually use a bit-string representation this metric is 
not transferrable. 

Simulated annealing (Kirkpatrick, Gelatt & Vecchi 
1983) is a stochastic search technique designed to find 
minimum-cost solutions to large optimization problems 
without converging to a local minimum. It is based on an 
analogy with statistical mechanics. It has been used in 
such tasks as graph bisection (Jerrum & Sorkin 1993) and 
connectionistic networks such as the Boltzman machine 
(Ackley, Hinton & Sejnowski 1985) However, simulated 
annealing is a slow process which requires fast evaluation 
and generation functions (Davis & Steenstrup 1987) and 
so wouldn’t be feasible for most knowledge-based expert- 
systems. Furthermore, as Mauldin (Mauldin 1984) 
pointed out, it is not intrinsically parallel like genetic 
algorithms. 

Techniques have been developed for alleviating a simi- 
lar problem in depth-first search. Quiescence search (Beal 
1990), used largely in game programs to handle the hori- 
zon effect, identifies local maxima with respect to the 
(sometimes inaccurate) evaluation function by situations 
of instability such as checking a king in chess. Such situa- 
tions are likely to “fool” the evaluation function into 
giving an inaccurate cost. When they occur the algorithm 

continues searching until a stable, or quiescent, state is 
reached. Depth-first searchers can’t incorporate the diver- 
sity of states into their algorithms because they only 
retain one state at a time, and they need to compare the 
states to determine their diversity. 

Berliner (private communication) has experimented 
with increasing the diversity of operators in depth-first 
searchers by grouping operators by similarity and ensur- 
ing that several different groups of operators are gener- 
ated at each step in the search. This may encourage diver- 
sity at the operator-generation level but lacks the ability 
to ensure diversity among states. 

Motivation 
The introduction described the need for a technique to 
avoid convergence to a local maximum in order to find 
the global maximum, and noted the lack of research into 
diversity search in symbolic domains. Here we examine 
the behavior of a specific breadth-first searcher which will 
motivate introducing diversity into searching techniques. 

Our breadth-first searcher is part of CRESUS (Shell et 
al. 1992), a cash-management expert-system used by the 
treasury department of Union Fenosa, an electric 
company serving greater Madrid in Spain. This expert 
system could be used by any medium or large-sized 
company to automate and improve their treasury. The task 
of the treasurer is to manage the daily cash-flow and 
cover the company’s financial needs by borrowing money 
from some subset of the numerous company credit lines, 
balance several bank accounts, allocate payments and 
collections and invest any excess funds. Each such opera- 
tion involves commissions and interest payments which 
vary depending on the amount of money and the associ- 
ated financial instrument (e.g., check or wire), credit-line 
or bank-account. The goal is to minimize the global cost 
of all of these operations. 

An artificial intelligence approach was developed after 
it was realized that non-heuristic algorithms such as linear 
programming couldn’t find a solution in a reasonable 
amount of time due to the large number of variables in the 
problem. In the CRESUS searcher, an operator is a cash- 
management operation such as moving $1000 from 
account A to account B using a wire transfer. A state is 
defined by the current balance of all the bank accounts 
and amounts available in the credit lines. The evaluation 
function computes the total cost of the current operations 
plus the estimated cost of the remaining operations. A 
solution is a sequence of operations which balance all of 
the bank accounts. CRESUS is implemented in Common- 
Lisp and currently runs on Sun Sparcstations. It uses the 
PARMENIDES (Shell & Carbonell 1988) frame language 
as its knowledge representation and FRULEKIT (Shell & 
Carbonell 1986) for the inference engine. 
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An experienced treasurer requires several hours to 
manually complete the task. The searcher automates the 
decision-making and performs it in about 5 minutes with 
a hybrid beam-search (Newell 1978) algorithm. Further, 
the searcher usually outperforms the treasurer, finding 
solutions which cost about 20% less than the treasurer’s. 

The cash-management task is extremely complex. For 
each state in the search space, about 100 operators may 
apply, and solutions typically consist of a sequence of 
about 100 operators. Thus the search space contains about 
10200 states. Furthermore, it is multi-modal; of high 
dimensionality and has a high degree of “epistasis”: one 
part of a solution can be inhibited or modified by another 
part. This space is made tractable by encoding expert 
knowledge into the operator evaluation and generation 
functions, and by partitioning it into minimally interact- 
ing subspaces. These subspaces correspond to the daily 
solution versus the global, or period, solution of 2 to 4 
weeks and the space of operators of a particular type. 

Although the beam-searcher usually finds solutions 
which the human expert can’t improve, occasionally it 
constructs suboptimal solutions corresponding to local 
maxima. It is important to avoid such solutions because 
the treasury department has started to rely on the searcher 
on a daily basis; and since the searcher usually finds good 
solutions, the expectations of the users have been raised. 
Furthermore, the company plans to market the system and 
would like it to perform consistently well. 

Examining the states at which the searcher arrived at 
the end of the search illustrates the problem. The final 
states are extremely similar to each other. Table 1 shows 
the average number of operators constituting each state 
which are unique to that state, i.e. which don’t appear in 
any other state. For example, if state I were created by the 
application of operators {A,B,CJ and state 2 by operators 
{B,D,A] then those states would each have two unique 
operators, C and D, respectively (the computation of 
operator uniqueness is discussed in more detail in the next 
section). The beam-searcher was run over 5 days in Octo- 
ber 1993 with a beam-width of 20. Similar results are 
obtained when the intermediate states are examined, for 
example after 10 or 20 iterations. 

Table 1: Average numberofuniqueandcommon 
beamsearcherstates 

operators in the 

Intuition explains the high similarity between the 
state:. When any type of searcher tries to find an optimal 
state in a large search space it will only be able consider a 
tiny subset of those nodes. For example a beam searcher 
might keep a set of on the order of the 20 best states and 
generate 10 potential successors to each state. If the aver- 
age depth of a space is 100, then the searcher will only 
have considered 20 x 10 x 100 or 20,000 states. Because 
the number of states visited by the searcher is so small 
compared to the number in the space (lo4 versus 10200), 
intuition tells us that the states which have the highest 
evaluation will end up being very similar to each other. 
This is because the states which only differ from the 
preferred state by one operator or by a small change in an 
operator, will likely have one of the highest evaluations as 
well. This isn’t due to an inaccurate evaluation function 
because the evaluation function had been finely tuned - it 
performs miniature searches of its own to accurately esti- 
mate the cost of the remaining operations. These observa- 
tions led me to develop the diversity search algorithm. 

The Diversity-search Algori 
The heuristic of diversity search is that by increasing the 
“diversity” of the intermediate states in a breadth-first 
searcher, we may be able to improve the final results. By 
retaining some states not only because they have a desir- 
able primary evaluation (such as cost) but also because 
they are sufficiently different from the other states, we 
can avoid converging on local maxima which can mislead 
the global searcher. A formalization of the standard beam- 
search algorithm is presented, followed by the diversity- 
based algorithm. Next two issues in diversity searching 
which haven’t been sufficiently considered are addressed: 
how to define diversity of states and how to combine the 
primary evaluation with the diversity evaluation. 

The Standard Beam-search Algorithm 

To compare diversity-search with a more traditional algo- 
rithm and to introduce notation, the standard beam-search 
algorithm used in CRESUS is first presented. 

a. Initialize set-of-states to a set 
containing one state which is the 
current problem's state. 

b. REPEAT until no more states can be 
expanded: 

1. Expand set-of-states using 
generation function G. 

2.Evaluate the expanded states using 
primary evaluation function E. 

3.Pick the K highest-evaluated 
states as the next set of states. 

The generation and evaluation functions are as follows: 
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G: State0 * {StateI, State2, . . . 
State,) 

Statei is derived by applying an operator to Stateg. 

E: State ) Evaluation 
Evaluation is the estimated cost of the given state. K, 

the beam width, is the number of states retained at each 
step. 

The Diversity Beam-search Algorithm 

The diversity beam-search algorithm augments steps b.2 
and b.3 to include an evaluation of the diversity of states 
as well as primary evaluation: 

a. Initialize set-of-states to a set 
containing only the current 
problem's state. 

b. REPEAT u 
expanded 

ntil no more states can be 

1. Expand set-of-states using 
generation function G. 

2.Evaluate the expanded states using 
primary evaluation function E. 

2'.Evaluate the diversity of the 
expanded states using diversity 
evaluation function D. 

3.Pick the K highest-evaluated 
states into the next set of states. 

3'.Add the _Kf states which maximize 
the function C(E,D) to the next set 
of states. 

Where: 

D: State * Diversity-evaluation 
where Diversity-evaluation is the estimated diversity of 

the given state relative to the other states and: 

c: Cost-eval, Diversity-eval * 
Combined-eval 

K’ is the diversity beam width, i.e., the number of 
states to keep at each step based on their diversity in addi- 
tion to the K cost-wise best states. 

The diversity-computation function D and combination 
function C are discussed next. 

Computing the Diversity 

Because diversity search hasn’t previously been 
attempted in symbolic search techniques, the issue of 
computing the diversity of states hasn’t been adequately 
addressed. An intuitive method would be to compare 
states directly using domain-specific functions. For exam- 
ple, in the cash-management domain, one might compare 
how many bank accounts are balanced and how much 
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money is available in each credit-line. However, this 
requires domain-specific comparison functions and 
doesn’t take into account that different sequences of oper- 
ators with different costs could have led to the same state. 

A more accurate way to compare states is to count how 
many constituent operators - independent of order - that 
they have in common, since it is the constituent operators 
which comprise the solution. In symbolic searchers where 
operators are applied to generate new states, the sequence 
of operators leading to each state can be associated with 
each state. To calculate the closeness between two states 
S1 and S2, we will define State-match(S1,&) to be: 

Len (SJ 

c Op-state-match (Op-num (i, S,) , S,) (EQ 1) 
i=l 

where Op-state-match(Op,S) is defined as: 

Max(Op-match(Op,Op-num (i, S) ) Vi < Len (S) (EQ 2) 

where Op-num(i,S) returns the izh operator in state S. 
Note that if the search technique compared states at 

different depths, such as A*, State-match would have to 
return a percentage instead of a count of matches. 

The function Op-match should return a number 0 
through 1, where 0 means that the operators are 
completely different and 1 means that they are identical. 
To simplify and to make the comparison domain-indepen- 
dent, we can define Op-match to return 1 only if the oper- 
ators are identical and to otherwise return 0. Under this 
definition, State-match(S1&) tells us how many opera- 
tors associated with St are also associated with S2. 

Finally, to compute the degree of match of a state rela- 
tive to a set of states, a logical method would be to 
compute the maximum match between the state in ques- 
tion and the rest of the states in the state-set. Thus Match- 
in-Set(S,Set) is: 

Max(State-match(S,State-num(i,Set)) ) Vi < Len(S) (EQ 3) 

State-num(i,Set) gives the ilh state in the set of states 
Set. 

The diversity of a state is then the number of operators 
in the state minus the Match-in-Set of that state. 

Combining Primary and Diversity Evaluation 

A harder question is how to combine the orthogonal crite- 
ria of primary cost-evaluation and diversity evaluation. 
We want to retain some states because of their diversity, 
but we should also retain some of the best cost-evaluated 
states so that the search proceeds towards the global mini- 
mum. In genetic algorithms, Mauldin (Mauldin 1984) 
limited the population size by requiring that all intermedi- 
ate states have a minimum diversity from the others, and 



probabilistically “reproduced” the state with the highest 
cost-evaluation. However, these two steps are merged in 
beam search and there is no analog to “reproduction” in 
symbol search, so a different technique is needed. 

A simple method would be to maintain two different 
sets of states: one for the states which minimize the cost 
and one for the states which maximize the diversity func- 
tion. This would cause combination function C to simply 
return the diversity and ignore the cost-evaluation. The 
heuristic is that if a state from the diversity-set becomes 
qualified it would “jump” to the cost-evaluation set. 

A disadvantage of the “simple” approach is that the 
states in the diversity-set are not selected for cost-evalua- 
tion and so may stray towards extremely diverse but high- 
cost solutions. Thus a more sophisticated algorithm was 
developed which maintains multiple “bands” of diversity 
sets, each containing states within a given range of diver- 
sities. Within each band, the lowest-cost states are 
retained. Since states only compete with other states 
within the same band, high-diversity but higher cost 
states won’t replace medium-diversity but lower cost 
states. Note that diversity is always computed by compar- 
ing to all states, not just the ones sharing the same band. 
The idea is that some of the high-diversity states will turn 
into medium-diversity states which in turn may eventu- 
ally jump into the cost-evaluation set. 

The parameters to the band searcher are the number and 
size of the bands and the minimum diversity. For exam- 
ple, if the minimum diversity were 2, the number of bands 
were 3 and the band-size were 2 then the first band would 
contain states with diversity 2 and 3, the second would 
contain states with diversity 4 and 5, and so on. The next 
section measures the effect of these diversity techniques 
on the global searcher. 

Empirical Results 
The standard CRESUS beam-searcher and 3 variations of 
the diversity searcher were run on 4 separate weeks of 
1993 company treasury data. The total cost for each 
weekly solution is computed by summing the costs of 
credit-line dispositions, funds-movement and payment 
and collection commissions, and overdrawn-account fees. 
For the standard beam-searcher, the beam-width K of 10 
was used; for the diversity searchers, the cost-eval beam- 
width li was 5 and the diversity-eval K’ was 5. In this way 
we can determine if the 5 additional states are most effec- 
tively used as cost-eval states or diversity-eval states. 

The Y axis in Figure 1 plots the cumulative total cost of 
solutions found by each search strategy. The simple diver- 
sity searcher, simple, and two variants of band-searching 
are shown. In the first variant, band(4,1), there were 4 
bands and the band-size was 1; in band(3,2), the number 
of bands was 3 and the band-size was 2. The minimum 
diversity in both band searchers was 2. 

All three diversity algorithms did better than standard 
beam-searching. Week 1 saw the largest improvement. It 
contained many local maxima because it contained a holi- 
day and there were more constraints on funds-move- 
ments. In the standard search all of the states converged to 
a situation where idle funds were stuck in unusable 
accounts. In simple and band(3,2), some funds had still 
been allocated to accounts which were affected by the 
holiday; in band(4,1), all money had been correctly allo- 
cated. Simple also did surprisingly well on week 2 but 
worse than standard search on week 4. Band(4,I) did the 
best overall because of consistently good performance 
(see Table 2). Band(4,I) did better than band(3,2) because 
the latter suffers from the same problem as simple: within 
each band of size 2, slightly lower-cost states will be 
selected over more diverse states. Thus bands should 
probably always be of size 1. The reason that band(4,l) 
did slightly worse than simple on week 4 may be that that 
week didn’t contain many local maxima which fooled 
simple; or that the local maxima fooled the diversity 
approaches as well as simple. In this case the benefits of 
using diversity weren’t used and the space devoted to 
diversity states was wasted. 

Stundafd Beam-searcher C--- 
Simple Diversify Q - - - . - 

Band Diversiiy(4,l) A..--- 
Band Diversiiy(3,Z) A _ 

1600 ..................................................................................... 

1400 ..................................................................................... 

1200 

G 
8 800 
u 
fj 600 
3 
E 400 
2 
2 200 

......................................... .............................. 

............................................................ 

Week: 7 2 3 4 

Figure 1: Total cost of the standard beam-search and diversity 
searchers in the CRESUS expert system. 
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Table 2: Percentage cost of diversity searchers compared to 
standard beam searcher 

Conclusions 
Diversity searching is a step towards extending knowl- 
edge-based searchers to obtain the benefits of genetic 
search while retaining the advantages of the symbolic 
approach. Although the idea of diversity has been investi- 
gated in genetic algorithms and simulated annealing, this 
is the first time that maintaining diversity during a 
symbolic search has been attempted. This paper 
addressed the issues involved and presented a framework 
for diversity search. A domain-independent algorithm 
was shown and empirical results from a working expert- 
system show that diversity search can substantially 
improve knowledge-based searchers. 

Diversity search will be most useful in complex 
domains that are not amenable to genetic algorithms or 
simulated annealing. These include problems which 
require a fast response and those which exhibit a high 
degree of epistasis. It may be that symbolic diversity 
search will occupy a useful middle-ground between 
knowledge-rich systems that need to do much search and 
genetic algorithms and simulated annealing which are not 
feasible in complex, knowledge-rich domains. 

Diversity search shows promise; it warrants more 
exploration. It should be evaluated with different parame- 
ters and combination functions. A simulated-annealing 
technique of decreasing the diversity as the search 
progresses according to a schedule may further enhance 
the search results. It would also be interesting to try 
applying it to different problems and with different 
searchers in order to determine how broadly applicable it 
is. 
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