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Abstract 

Table lookup with interpolation is used for many 
learning and adaptation tasks. Redundant map- 
pings capture the important concept of “motor 
skill,” which is important in real, behaving sys- 
tems. Few robot skill implementations have dealt 
with redundant mappings, in which the space 
to be searched to create the table has much 
higher dimensionality than the table. A practi- 
cal method for inverting redundant mappings is 
important in physical systems with limited time 
for trials. We present the “Guided table Fill 
In” algorithm, which uses data already stored in 
the table to guide search through the space of 
potential table entries. The algorithm is illus- 
trated and tested on a robot skill learning task 
both in simulation and on a robot with a flexible 
link. Our experiments show that the ability to 
search high dimensional action spaces efficiently 
allows skill learners to find new behaviors that 
are qualitatively different from what they were 
presented or what the system designer may have 
expected. Thus the use of this technique can al- 
low researchers to seek higher dimensional action 
spaces for their systems rather than constrain- 
ing their search space at the risk of excluding the 
best actions. 

Introduction 
Memory-based models such as table lookup with in- 
terpolation have been used for many robotic learning 
tasks [Raibert 77, Atkeson 88, Atkeson 91, Mukerjee & 
Ballard 85, Moore 90, Moore 911. The block diagram 
for a general learning task, and a specific task exam- 
ple (throwing a ball) are shown in Fig. 1. A table 
residing in the box marked “Skill” holds values for a 
mapping from a task parameter space to a plant com- 
mand space. The plant command space is all possible 
vectors that could be stored in the table. The task 
parameters are used to index into the table. In the 
l-d throwing task, the plant command space is the set 

*This material is based on work supported by DARPA 
contract MDA972-92-J-1012. The government has certain 
rights in this material. 
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Diagram of One-Dimensional Throwing l&k 

Figure 1: Skill learning system and Id throwing task 

of possible joint velocity sequences that can be sent to 
the robot controller and the single task parameter is 
the distance the ball travels. 

We assume that our learning system operates in two 
modes: training and operational. It may train first 
and then remain in operational mode, or it may switch 
between the two frequently. In either case our goal is 
one of optimization: to minimize the amount of time 
required in training to attain a certain performance 
level in operation, or to maximize the performance 
level given a certain amount of training time. Per- 
formance may be measured with respect to accuracy, 
range of operation achieved, or a control effort metric. 

Often, memory-based learning systems have relied 
on random search to fill in the table with the neces- 
sary information. This works when: the action space 
is inherently the same size as the task result space, the 
system designer has explicitly constrained the action 
space to be of moderate size using partial task mod- 
els, or despite the size of the action space the system 
is interested in learning the results of all possible ac- 
tions. Robot kinematic and dynamic learning systems 
often fall into the first and/or last categories. Skill 
learning systems often fall into the second category. In 
these kinds of system configurations random search is 
acceptable. Moore [Moore 901 considered tasks whose 
action space is of moderate size, but whose desirable 
actions make up a small portion of the space. He pro- 
posed an efficient search strategy for these tasks. 

We consider tasks whose space of task parameters 
has low dimensionality (a small table), but whose space 
of plant commands has high dimensionality (large vec- 
tors stored in the table slots). Tasks of this type arise 
with open-loop control or planning, when an entire se- 
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quence of actions is derived from a single current state 
or goal. Each action in the sequence makes up a dimen- 
sion of the space of possible action sequences, and dif- 
ferent sequences can achieve the goal at different costs: 
there is redundancy in the mapping. Discrete closed- 
loop control avoids high-dimensional action spaces by 
choosing a single action at each time step. Three rea- 
sons for open-loop control are: 1) the action is fast 
with respect to sensor or control time constants. This 
problem could also be addressed by increasing sensing, 
computation, and control bandwidth. 2) there is a lack 
of sensors or controls for state during the task (e.g. 
during the flight of a thrown ball). 3) delay, which can 
destabilize a feedback system [Brown & Coombs 911. 
The “Guided Fill In” algorithm given here addresses 
the problem of high-dimensional search to fill a small 
table. We test the algorithm with an open-loop robot 
throwing task both in simulation and on a real system. 

In addition to standard table lookup methods, local 
function approximation methods like Kohonen maps 
[Ritter et al. 921, CMACs [Albus 75, Miller et al. 
891, radial basis functions [Poggio & Girosi 891, and 
back propagation neural networks [Rumelhart et al. 
861 store, retrieve, and interpolate between given data 
points. [Mel 901 combines a neural network approach 
with a depth first search of possible reaching strategies. 
Each method develops an efficient representation once 
a suitable set of input-output pairs has been found. 
However, none of these addresses the problem of ef- 
ficiently obtaining the data to be learned. Often, the 
method is to let the system execute random plant com- 
mands and observe the results, which works well when 
the space of possible plant commands is not unreason- 
ably large. 

There is other work that attempts to perform the 
types of robot skills used to test the “Guided Fill 
In” algorithm. The use of global function approxima- 
tion methods for robot skill learning was reported in 
[Schneider & Brown 931. Work on throwing and jug- 
gling is reported in [Schaal & Atkeson 93, Rizzi 921. 
In contrast to our work the task is usually constrained 
to remove redundancy or accurate models are used to 
approximate the desired mapping. 

Guided Table Fill In 
The Guided table Fill In algorithm is a modification of 
the SAB controller in Moore’s thesis [Moore 901. He 
was concerned with the efficient search of action spaces, 
but did not specifically address the issue of inverting a 
redundant action to task result mapping. Because of 
time constraints in real systems, it is often impractical 
to search the entire plant command space. Therefore, 
skills with redundant mappings have an increased need 
for search efficiency during training. 

The unique inversion of a redundant mapping from 
some m-space of plant commands to an n-space of task 
parameters (m > n) requires a penalty function to op- 
timize. For example, our l-d ball throwing robot has 

Fields of a Table Entry 

P 
act 

P 
?-es 

peff P good 

action task results control effort goodness value 

Table 1: Table entry for skill learning 

1. Initialize table using approximate task model, 
teacher, or random choice. 

2. Evaluate each point in memory according to its 
control effort. Assign a “goodness” value based on 
a comparison of a point’s control effort value to its 
neighbors’ 

3. Randomly choose goal from desired portion of task 
parameter space. 

4. Generate candidates from plant command space 
using these methods: 

b Find the table entry whose penalty function is 
lowest for the desired goal (considering accuracy 
of task result and control effort). Make random 
modifications to the action sequence of that en- 
try. 

o For a n-d task space choose n+l “good” samples 
from the table and interpolate or extrapolate to 
produce an action for the new goal. 

5. Evaluate the probability of success for each of the 
candidate points. 

6. Execute the action with the highest probability of 
success and store the results in the table (Option- 
ally, readjust the desired range of performance). 
Goto 2. 

Figure 2: See text for a detailed eon 

two joints controlled via a sequence of six joint velocity 
settings (m = 12, n = 1). The penalty function mea- 
sures the accuracy of the throw and the control effort 
(sum of squared joint accelerations). The goal of the 
system is to find the n-subspace of the plant command 
space that optimally maps onto the n-dimensional task 
parameter space. 

The result of each system execution is stored in a ta- 
ble. The fields of each entry are listed in Table 1. Pact 
is the action sequence tried and pr”” the result in task 
space. Pef f is a measure of the control effort required 
by the action sequence. Pgood is a goodness value for 
the entry (its computation is described below). 

Guided table Fill In is summarized in Fig. 2. In 
the first step existing models or teachers can deter- 
mine points from the plant command space to become 
the first entries into the table. Random choice is a 
worst case, but possible. There are two parts to a ta- 
ble entry’s evaluation. First (done only once): given a 
point in plant command space, the system executes the 
corresponding action (p”““) and observes the output 
(p’““) and its control effort value (p”f f). The task out- 
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put parameters determine where the point is recorded 
in the table. Second (executed once each iteration): 
compare each point against its neighbors in the table 
(nearest points in the output space). A point’s good- 
ness (pgood) is th e p ercentage of neighbors whose effort 
value is worse than its own. 

Step 3 randomly chooses a goal from part of the task 
space. There are several ways ,the desired portion of 
the task space may be specified (discussed later). Step 
4 generates candidate actions to accomplish the goal 
task result. Some of the actions are generated by local 
random modifications to existing “good” points. The 
table is searched for the entry that best accomplishes 
the desired goal considering both accuracy and con- 
trol effort. The action for that entry is altered with 
small random changes. Several alterations are done to 
produce a set of candidate actions. 

Moore advocates generating some actions from a 
uniform distribution over the entire space of actions. 
The purpose of these candidates is to keep the learner 
from converging to local minima. Experiments with re- 
dundant mappings showed that these candidates were 
not useful. The probability of a random action in a 
high dimensional space being useful proved to be too 
small. However, it is still necessary to generate candi- 
date actions far from the existing set of actions in the 
table. This is done by using linear combinations of ex- 
isting “good” points in the table. Several sets of points 
are chosen randomly with the “best” points having a 
higher probability of being chosen. Interpolation or ex- 
trapolation is done from the chosen points to generate 
new actions. These actions may be in completely unex- 
plored regions of the action space, but are likely to be 
more useful than completely random actions because 
of the way they are generated. 

Step 5 evaluates the probability of success as Moore 
suggests. For each candidate action, pact, the table en- 
try whose action, p$,, is nearest the candidate action 
is determined and used to estimate this probability. 
When several task result dimensions are considered, 
a probability is computed for each dimension and the 
product of them is the probability for the whole task 
result. When considering redundant mappings, reduc- 
ing control effort is also a goal. Therefore, a goal effort 
is selected (usually a constant, unattainable, low value) 
and control effort is considered to be another dimen- 
sion in the above computation. Finally, the candidate 
with the highest probability of success is executed at 
step 6. The results of the execution are recorded and a 
new table entry is made. Steps 2-6 are iterated during 
the training process. 

Simulation Experiments 
The table filling and lookup algorithms were tested on 
robot skill learning and performance on the task of 
throwing a ball. The results of these experiments are 
summarized in Table . The skill goal is a vector de- 

scribing the position of a target and its output is se- 
quences of joint velocities for a throwing robot. Here, 
the robot is the controlled plant and the forces affect- 
ing the ball’s flight after it leaves the robot make up 
the uncontrolled plant. Skills are called n-dimensional 
where n is the number of parameters in the output 
space of the task: thus a 2-d throwing task has a tar- 
get lying in a plane, such as the floor. 

Experiments were simulated for l-d and 2-d throw- 
ing tasks. For the l-d task the robot consists of two 
joints in a vertical plane (Fig. 1). The control signal is 
a sequence of joint velocities to be executed over 6 time 
steps (also called a trajectory), thus making a total of 
12 input command parameters. The single output di- 
mension is the distance the ball lands from the base of 
the robot. In the terms of table lookup, a 12-d space 
must be searched to fill in a l-d table. The 2-d throw- 
ing task is done with a three joint robot configured 
like the first 3 joints of a PUMA 760; a rotating base is 
added to the l-d thrower. The additional joint yields 
an 18-d search space. The two task parameter dimen- 
sions are the x and y coordinates of the ball’s landing 
position on the floor. 

The penalty function includes the approximate 
amount of energy required to execute the throwing 
trajectories and the average task output error. The 
approximate energy measure has a second purpose. 
Robots have limits on their joint velocities and the 
metric tends to prefer trajectories that stay away from 
those limits. Later, the average value of the penalty 
function over the task parameter space will be referred 
to as the performance and the two terms will be re- 
ferred to separately as error and eflort. 

Standard Table Lookup with Interpolation 

Standard table lookup with interpolation using a Ran- 
dom Fill In (RFI) 1 earning strategy was implemented 
to provide a baseline from which to compare the new 
algorithms. The fill in procedure is random. At each 
step a new random trajectory is formed by choosing 
ending joint velocities and positions from a random, 
uniform distribution over the range of valid values. 
The new command sequence is executed and recorded 
in the table. Retrieval from the table is done by find- 
ing two (three) points for linear interpolation in the 
l-d (2-d) case. Extrapolation is never used for data 
retrieval. If no points can be found for interpolation, 
the nearest point in the task parameter space is cho- 
sen. When interpolation is possible, a scalar value is 
given to each possible pair (triple) of points to deter- 
mine which should be used. It includes terms for the 
distance of the points from the goal in task parameter 
space, the average effort associated with each point’s 
command sequence, and the distribution of the points 
about the goal point. 

Fig. 3 shows some sample results of using RF1 for 
l-d throwing tasks. The desired range of operation is 
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1300-5000 mm (the robot’s arm has a length of 1000 
mm). The graphs represent averages over 20 runs. The 
x axis is the number of robot executions, or the number 
of trajectories that can be placed in the table. The y 
axis is an evaluation of the robot’s progress learning 
the skill. To evaluate the robot’s ability, ten targets 
evenly spaced in the desired range are attempted and 
the average effort and accuracy are recorded. 

One characteristic of the graph is that effort appears 
to grow as the learning progresses. That happens be- 
cause the robot is capable only of short throws initially 
(it is given the same sample short-throw trajectories 
that are given to the GFI algorithm in the next sec- 
tion). It uses those trajectories when long throws are 
requested and pays the penalty in accuracy (because 
it refuses to extrapolate). As it finds trajectories to 
throw greater distances, it uses them and accuracy is 
improved. These trajectories require greater effort thus 
causing the average effort to look worse. This initial 
decreasing error and increasing effort is a characteristic 
of many of the graphs presented here. 

Results with Guided Table Fill In 

The l-d throwing experiments of the previous section 
were repeated with Guided table Fill In (GFI). The 
evaluation and trajectory retrieval methods are the 
same as for RFI. Five initial trajectories capable of 
throwing distances from 1370 to 1450 were given in 
Step 1 (for fair comparison, the same five were given 
to the learners using RFI). Fig. 4 shows some sample 
results. The GFI execution attains a value of 254 after 
200 iterations compared to 818 in the RF1 run. 

Improvements can be made when using GFI for 
longer distances. Automatic range expansion is a mod- 
ification that allows the algorithm to choose its range 
of attempts according to its current abilities. Step 6 
updates the current range of operation achieved by the 
system. Step 3 calls for choosing goal task parameters 
within some desired range. That range is set to be the 
current range of achieved results plus some distance 
farther. A parameter controlling how much farther 
trades off how quickly the range of operation will be 
increased with how many trials will be spent searching 
for low-effort actions within the current range. Fig. 5 
shows standard GFI for a range of 10000 and Fig. 6 
shows the results of using automatic range expansion 
to a distance of 10000. The additional set of points 
represent the maximum distance attained (divided by 
10 to fit in the graph). Shorter distance throws are eas- 
ier (there are more trajectories in the command space 
for them). The algorithmic modification allows the 
robot to learn the easy part first and then move on to 
more difficult throws. As the graph shows, it reaches 
a distance of 10000 after 200 iterations and attains 
a final performance value of 1072 (compared to 1448 
with standard GFI). Traditional engineering practice 
calls for the range of operation to be pre-specified for 

1800 
p 1600 
e 1400 
; 1200 
0 1000 
r 800 
!$ 600 
n 400 
c 200 
e 0 

error - 

0 50 100 150 200 
Iteration Number 

Figure 3: l-d RFI: range 5000 

0 50 100 150 200 
Iteration Number 

Figure 4: l-d GFI: range 5000 

Task 1 Opt. 1 GFI 1 RF1 1 RF1 tries 1 

Table 2: Summary of experimental results: Optimal is 
numerically estimated. GFI is the performance of the 
new algorithm after 200 iterations using automatic range 
expansion when it produces improved results. RF1 is from 
traditional table lookup with random trials. The last col- 
umn indicates how many trials RF1 needs to equal GFI’s 
performance. 

system design. However, when dealing with complex 
plants this may be difficult. Therefore, this modifica- 
tion is also important when a system designer does not 
know the range of performance that can-be achieved, 
but wishes to maximize it. 

A 2-d throwing experiment was also done comparing 
SF1 with GFI. The x distance was 2500 mm and the 
y distance was 1200 mm. GFI is significantly better 
than RF1 for the 2-d task. It gets a final value of 155 
compared to 1247 for RFI. This result is important 
because it shows that performance gains can also be 
seen in tasks of higher dimensionality. 

A revealing statistic is the number of runs RF1 re- 
quires to reach the performance attained by GFI. For 
a l-d range of 2500 RF1 requires an average of over 
100000 iterations to reach the level GFI attains after 
only 200. For a l-d range of 10000, RF1 requires 10000 
iterations to match 200 of GFI with automatic range 
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Figure 7: Inputs attempted: RF1 range 
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Figure 5: l-d GFI: range 10000 
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Figure 6: l-d GFI: automatic range expansion 

expansion. The larger discrepancy between RF1 and 
GFI on the shorter task shows the benefits of using 
a fill in algorithm that is guided by desired range of 
performance vs one that randomly tries valid trajecto- 
ries. GFI is able to concentrate its trials on the por- 
tion of the space that throws in the range 1300-2500. 
Similarly, RFI for the 2-d case required over 100000 
iterations to equal the GFI performance with 200 iter- 
ations. When skill learning is attempted on real robots, 
the number of executions required becomes important. 

The actions attempted during l-d GFI and RF1 
learning show how the algorithm works. Since the 
search space contains the velocities of two joints, the 
skill learner is looking for a curve through a 12-d space. 
Figs. 7 through 10 are projections of the space onto 
the plane defined by the ending joint velocities. Fig. 
7 shows that the distribution of attempted points is 
fairly uniform throughout the search space when us- 
ing RFI. The lower density at the left is caused by 
a higher number of invalid trajectories there. Fig. 8 
shows a projection of the optimal curve for a range of 
300-5000. A description of how the optimal curve was 
numerically estimated is in [Schneider & Brown 921. 

Figs. 9 and 10 show the points attempted by GFI at 
different ranges. The figures show that the GFI con- 
centrates its trials in a small part of the search space. 
The optimal curve verifies that GFI trials are concen- 
trated in a good portion of the space. The dark spot 
near the center of the two GFI graphs is where the 
five initial points are located. A comparison of the 
two GFI graphs shows the algorithm starting from the 
initial points and working toward the optimal for the 

Joint 
Vel 

20 
10 
0 

2-lo 
-20 
-30 

-30 -20 -10 0 10 20 30 
Joint 1 Vel 

Figure 8: Input space points: Optimal 

desired range. 

1.3-5k 

0.3-5k 

Experiments on a PUMA 
The algorithms presented here were tested on a PUMA 
760 with a flexible link attached (a metal meter stick). 
At the end of the meter stick a plastic cup is attached 
to hold a tennis ball for throwing experiments. The 
release point of the ball is not directly controlled. It 
comes out whenever it is moving faster than the cup. 
A CCD camera watches the landing area and deter- 
mines where the ball landed with respect to the base 
of the robot. Most of the parameters of the experi- 
ment were set the same as the l-d throwing done in 
simulation. Two joints of the robot are controlled by 
specifying joint velocities over six 200 ms time steps. 
The low-level controller, RCCL, interpolates to pro- 
duce a smooth velocity profile. As in the simulation, 
the effort function prefers trajectories that are far from 
the robot’s physical limits. 

The GFI algorithm was given three sample actions 
that resulted in throws ranging from 143 cm to 164 
cm. Automatic range expansion was used because that 
option performed the best for l-d throwing in simula- 
tion and because it was not possible to determine the 
robot’s range of capability beforehand. After 100 iter- 
ations the robot had learned to throw accurately out to 
a range of 272 cm (a comparison execution of Moore’s 
algorithm attained a maximum distance of 211 cm). 
Its accuracy is good enough that it consistently hits a 
2 cm screw placed upright anywhere within its learned 
range of performance. The same cameras that watch 
the landing position of the ball during learning locate 
the target during performance mode. 

The most interesting result of the learning was the 
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Figure 9: Inputs attempted: GFI range O-1.5k 
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Figure 10: Inputs attempted: GFI range 1.3-5k 

type of action found to produce long throws. The 
three sample actions smoothly accelerate both joints 
forward. It seems reasonable that longer throws can 
be obtained by accelerating more quickly. The learn- 
ing algorithm tried this and it worked up to a distance 
of approximately 210 cm (this is also what Moore’s al- 
gorithm did). It was unable to produce longer throws 
with that type of velocity profile, though, because 
of the joint velocity limits on the PUMA. It finally 
learned to do the following “whipping” motion (shown 
in fig. 11): The joints are moved forward until the 
meter stick begins to flex forward. Then the robot 
reverses the direction of its joints so that the stick is 
pushed forward past its flat state. Just as the stick 
begins to fall back again, the joints accelerate forward. 
This causes a large bend in the stick. Finally, the un- 
coiling of the stick combines with the large forward 
acceleration of the robot to produce a much higher 
ball release velocity than could be achieved by simple 
accelerating the joints forward. 

The significant aspect of the long throws that are 
learned is that they are qualitatively different from any 
given to the system at the start. The sequence of events 
that led to the robot trying the action in Fig. 11 il- 
lustrates the GFI algorithm at its best. At iteration 
15 the system was shooting for a goal of less than 200 
cm (within its current range of operation). It chose 
an action created as a local random modification in 
step 3. That action had a significantly lower veloc- 
ity at time step 2 for joint 3. The result was a throw 
for a distance of 164 cm with considerably lower con- 
trol effort than any previous action for that distance. 
Later, at iteration 30, a similar thing happened with 
time step 3 of joint 5. The result was a low effort 
throw of 176 cm. Following that, the algorithm chose 

several actions that were generated by linear combi- 
nations of these unique actions. Large extrapolations 
from the new points created velocity profiles with the 
“whipping” motion shown in fig. 11. The penalty func- 
tion, small random modifications, and extrapolation 
all worked together to find new, useful actions in un- 
explored portions of a high dimensional space without 
having to resort to brute force search. 

Discussion and Conclusions 
There are many important tasks with highly redundant 
plant command to task parameter mappings. When 
inverting redundant mappings it is necessary to opti- 
mize according to additional cost functions. This poses 
a problem for standard table lookup methods, which 
require a random or brute force search of the plant 
command space to optimize performance. 

The Guided table Fill In algorithm extends lookup 
table learning methods to redundant mappings. It uses 
data already stored in the table to select plant com- 
mand space candidates that are more likely to produce 
good data to add to the table. Linear interpolation and 
extrapolation between existing good points in the table 
will yield more good points if the mapping is reason- 
ably smooth. The algorithm also allows natural mod- 
ifications to learn the easy parts of a task first since it 
explicitly includes a desired range of task parameters 
in its decision process. 

Experiments with robot skill learning show that 
Guided table Fill In can yield significant improvements 
in the number of training trials required to attain given 
levels of performance. They also demonstrate how GFI 
may be used to learn the easy part of a task first and 
the performance benefits of doing so. Many sequential 
task learners [Watkins 891 must operate closed-loop be- 
cause of the exponential explosion of action possibili- 
ties that occurs when a sequence of actions is consid- 
ered. The results presented here demonstrate one way 
to deal with the large number of potential actions and 
thus offer an open loop alternative for these problems. 
The gains can be significant when the cost of percep- 
tion is considered or feedback delay in a real-time sys- 
tem becomes a problem. 

Experiments using a flexible manipulator for throw- 
ing demonstrate the power of the new learning algo- 
rithm. Previously, researchers applying learning to 
robotics attempted to constrain the action space to 
make the problem tractable. With efficient techniques 
for searching high dimensional spaces that step may 
not be necessary. More importantly, the ability to 
handle high dimensional spaces enables the learner to 
generate qualitatively different behaviors. Often these 
are the behaviors that the researcher would have elimi- 
nated by applying constraints based on poor intuition. 

One of the disappointing aspects of work in learning 
is that it is often applied to tasks where the system de- 
signer “already knows the answer.” In these situations 
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learning functions more as a fine-tuner to improve ac- 
curacy or to fit model parameters. In the throwing 
experiments presented here, we had speculated that 
improvements could be made by storing energy in the 
manipulator. However, it was assumed that this would 
be done by making an initial backward motion, fol- 
lowed by a forward motion. Only through the use 
of the GFI algorithm was it revealed that a forward- 
backward-forward motion was the way to attain a high 
release velocity, given the constraints on joint velocity, 
the length of time allocated for the throwing motion, 
and the natural frequency of the meter stick. 
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