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Abstract 

In this paper we propose preferential matrix 
semantics for nonmonotonic inference systems 
and show how this algebraic framework can be 
used in methodological studies of cumulative 
inference operations. 

Introduction 

The notion of a cumulative inference operation arose 
as a result of formal studies of properties of nonmono- 
tonic inference systems, more specifically, as a result of 
the search for desired and natural formal properties of 
such inference systems. In this paper we propose an al- 
gebraic semantics for cumulative inference systems and 
show how this new semantic framework can be used 
for the methodological studies of nonmonotonic reason- 
ing. The point of departure for our presentation are 
the studies of nonmonotonic inference systems under- 
taken in (Brown & Shoham 1988, Gabbay 1985, Kraus, 
Lehmann, & Magidor 1990, Makinson 1988). All these 
works share a common preferential model-theoretic view 
on semantics. In (Makinson 1988) and (Makinson 1989) 
this unified semantic framework assumes the form of the 
theory of preferential model structures. If L is the lan- 
guage of an inference system, then a preferential model 
structure for L= is a triple M =< U, i==, +>, where 24 is a 
nonempty set the elements of which are called models, 
+ is a binary relation on U, called the preference rela- 
tion of M, and k is a binary relation between models 
in U and formulas of C called the satisfaction relation of 
M. No properties of 2.4, of the satisfaction relation b9 
nor of the preference relation 4 are assumed. Makin- 
son shows that cumulative inference systems are exactly 
those defined by the class of (stoppered) preferential 
model structures. 
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The study of general properties of cumulative infer- 
ence systems can be based on a less general and more 
structured notion of a model structure. The key feature 
of our semantic proposal is the truth-functional inter- 
pretation of logical connectives, the idea well-developed 
in the context of logical calculi which can also be ex- 
ploited in the studies of nonmonotonic reasoning. We 
define a preferential model, or as it is called in this pa- 
per, a preferential matrix, as an algebra of truth-values 
augmented with a family V of sets of designated truth- 
values. We model a desired degree of nonmonotonicity 
by selecting an appropriate preference relation on 2). 
Preferential matrices have the same semantic scope as 
Makinson’s preferential model structures. Evident simi- 
larities between ‘classical’ logical matrices and preferen- 
tial matrices provide an access to reach algebraic tech- 
niques available for methodological studies of deductive 
proof systems. In this context, the present paper exam- 
ines a list of properties of nonmonotonic inference sys- 
tems, starting with characterization of cumulativity and 
loop-cumulutivity in terms of preferential matrices. We 
introduce a handy notion of the monotone buse of an 
inference system and study the distributivity property 
in terms of this notion. Finally, we look at the con- 
sistency preservation property in the context of finding 
automated theorem proving methods for cumulative in- 
ference systems. We give a criterion for such systems to 
have a refutationally equivalent automated proof system 
based on the resolution rule. 

In this paper we study inference systems on propo- 
sitional level only. It is assumed that the reader is fa- 
miliar with (Gabbay 1985, Kraus, Lehmann, & Magidor 
1990, Makinson 1988). The familiarity with (Brown & 
Shoham 1988, Makinson 1989) and the basic facts on 
logical matrices, as presented in (Wojcicki 1988), is an 
asset. 

Preferential Matrices 

We begin this section with a brief description of the class 
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of cumulative inference systems. To avoid a lengthy 
exposition of facts available elsewhere, this description 
is just a list of definitions with rather scarce commen- 
taries. The reader may refer to (Gabbay 1985, Kraus, 
Lehmann, & Magidor 1990, Makinson 1988, Makinson 
1989, Wojcicki 1988) h w ere all these definitions are fully 
motivated and discussed. 

A propositional language d: is defined in the usual 
way in terms of a finite set (fe, . ..fk} of logical connec- 
tives and a countable infinite set of propositional vari- 
ables. By L we denote the set of all well-formed formu- 
las of C. From algebraic point of view, L: is an algebra 
< E,fO,--.,fk > ff o ormulas while logical substitutions 
are simply endomorphisms of 1c. ’ 

Following (Makinson 1988), we say that an operation 
c : 2= + 2= is a cumulative inference operation if it 
satisfies the following two conditions: for all X, Y C L, 
(cl) x E C(X), (inclusion) 

(c2) X E Y E C(X) implies C(Y) = C(X) 
(cumulutivity). 

These (or equivalent) conditions were discussed in depth 
in (Gabbay 1985, Kraus, Lehmann, & Magidor 1990, 
Makinson 1988, Makinson 1989). Let us note, that (cl) 
and (~2) imply: 

(4 WV)) = C(X) (indempotence). 

If cr E E and X C L, then we read ‘cr E C(X)’ as ‘X 
entails cy’. An inference operation C is a consequence 
operation if, in addition to (cl) and (c3), it satisfies the 
following condition: for every X, Y C_ L, 

(c4) X C_ Y implies C(X) 5 C(Y) (monotonicity). 

Every system < 1c, C >, where C is a cumulative infer- 
ence operation on 1s is called an inference system. If C is 
a consequence operation, then < fZ, C > is called a logic. 
Pf Co, CI are two inference operations on e, then we shall 
write CO 5 Cl if for every X s L,Co(X) C_ Cl(X). 

We begin our voyage towards the notion of a preferen- 
tial matrix by analyzing the classical notion of a logical 
matrix (cf. Wojcicki 1988). Let C =< L, fo, . . . . fk > 
be an arbitrary language fixed for the rest of this pa- 
per. A logical matrix is a pair M =< ,A, D >, where 
A =< A, Fo, . . . . Fk > is an algebra of truth-values, 
with the set A of truth-values and with the operations 
Fo 9 “‘, Fk serving as interpretations of the connectives 
f0 9 “‘, fk, respectively. 2 The role of 4 is to provide 
the interpretation of logical connectives and to define 
the space of truth-values - the possible meanings of for- 
mulas of f,Z. V is a family of sets of truth-values (i.e. 

1 In fact, C is an absolutely free algebra generated by proposi- 
tional variables of L. 

2We assume that t and A, as algebras, are of the same simi- 
larity type. 

subsets of A). We consider every d E V a set of des- 
ignated truth-values. Interpretations of formulas of 1: 
are defined in terms of valuations of L: into M, which 
are simply homomorphisms of L into the algebra A of 
truth-values. Every logical matrix M defines the conse- 
quence operation Cniw in the following way: for every 
x u (4 c L9 

(M) cy E Cnj+j(X) ifl for every valuation h and 
every d E V, h(X) C d implies h(a) E cl. 

The matrix consequence operation CnM is always struc- 
tural, i.e. it satisfies the following property: for every 
X E L and every substitution e, 

Structurality allows us to regard an entailment cv E 
C(X) as the schema representing all entailments of the 
form e(o) E C(e(X)), where e is any substitution. 
Moreover, the set of tautologies of a structural infer- 
ence operation is closed under arbitrary substitutions. 
In fact, the majority of propositional logics considered 
in the literature, in addition to being monotonic, are 
structural. Nonmonotonic formalisms depart not only 
from the monotonicity, but frequently from the struc- 
turality as well. One way of extending matrix semantics 
to cover all consequence operations (not just structural) 
is described in (Piochi 1983) and (Stachniak 1988). The 
key idea is to base the semantic entailment on a set of 
‘admissible valuations’, i.e., to consider generalized mu- 
trices of the form < A,V,N >, where .4 and 2) are as 
before, and 76 is a subset of the set of all valuations of L 
into 4. In this semantic framework, every consequence 
operation can be defined by a generalized matrix. Let us 
note that in (Kraus, Lehmann, & Magidor 1990) a simi- 
lar idea (of restricting the set of possible interpretations) 
is used to go beyond structural nonmonotonic inference 
systems. Our main problem with semantic modeling 
of cumulative inference systems, however, is not struc- 
turality but monotonicity. To get over this problem, we 
employ the idea of a preference relation so successfully 
used in preferential model-theoretic semantics discussed 
in (Brown $t Shoham 1988, Klaus, Lehmann, & Magi- 
dor 1990, Makinson 1988, Makinson 1989). We call a 
system 

M =< A,V,X,c>, 

a preferential matrix of fZ if A, V, and 3c are as described 
earlier, and c is a binary relation on V. We call II the 
preference relation of M and for every pair do, r%l E V 
we read ‘cZc c dl’ as ‘do is preferred over dl’. 

EXAMPLE 2.0: Let fZ be a language with one binary 
connective V, one unary connective f, and two logical 
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constants 3 and 4. The preferential matrix M we de- 
fine in this example is rather artificial; however, it is 
designed to provide simple illustrations of some of the 
properties of inference operations discussed in this pa- 
per. The truth-values of M are 0, 1,2,3. The constants 
3 and 4 are interpreted as the truth-values 3 and 4, 
respectively, while V and f are interpreted as the oper- 
ations V and F defined in the following tables: 

The family V of designated truth-values has three sets: 
{0,2,3), 9~1~3)~ and { 1,2,3}. The preference relation 
of M is defined by: (0, 1,3} c (0,2,3} and {1,2,3} c 
{0,2,3}. Finally, the set ‘pt consists of all valuations of 
& into A. El 

Let M =< A,V, 3c, C> be a preferential matrix. For 
every set X s L, every set d of designated truth- 
values of M, and every valuation h E R, we shall 
write SatM(h, X, d) iff h(X) 5 d and for every d’ c 
d, h(X) g d’. Intuitively, ‘SatM(h,X, d)’ means that d 
is a most preferred set of designated truth-values con- 
taining h(X). With M we associate the inference oper- 
ation CM on Is by rewriting the definition (M) in the 
following way: for every X U (a} C L, 

o E CM(X) aff for every h E 3c and every 
d E V, SatM(h, X, d) implies h(a) E d. 

One of the conceptual distinctions between preferential 
model structures of Makinson and preferential matrices 
is the fact that in our approach the preference relation 
does not ‘work’ on models but on sets of designated 
truth-values - components of models. In the definition 
of the predicate SatM(h, X, d), we search V for a min- 
imal d (with respect to the preference relation) while 
keeping h and the algebra tLz of truth-values fixed. How- 
ever, every preferential matrix < A,V, 3c, C> can be 
‘decomposed’ into a preferential model structure A/i = 
< Zi,b,-t>, where U = (< A,h,d >: h E 3C,d E VP), 
and < ,4, ho, do >+< ,A, hl, dl > if and only if ho = hl 
and do c dl. The satisfaction relation + is defined by 
the equivalence: 

<A,h,d>bcu iff h(o)Ed. 

Hence, preferential matrices can be considered special 
cases of preferential model structures. As we shall see 
shortly, for methodological studies of cumulative infer- 
ence systems, preferential matrices are just what we 
need. 

We call a preferential matrix M =< A, V, R, C> 
stoppered iff for every set A of truth-values of M, the 
set VA = (d E V : A E d) is empty or has the smallest 
element, i.e., there exists dA E VA such that for ev- 
ery d E VA 9 d # dA implies dA C d; moreover, for no 
d E VA, d C dA is true. The notion of a stoppered ma- 
trix is a counterpart of a stoppered preferential model 
structure (cf. Makinson 1988, Makinson 1989): a model 
structure < U, I=, +> is said to be stoppered iff for every 
set A of propositions and every m E U, if m b A, then 
there is a minimal n E U (minimal with respect to 4) 
such that n + A and either n = m or n 4 m. As it was 
pointed out by Makinson, this notion is 

partially metamathematical, as it refers to sets 
A of propositions and the satisfaction relation 
+ as well as to the non-linguistic components 
U and 4 of the model structure. There does 
not appear to be any exactly equivalent purely 
mathematical condition. (Makinson 1989) 

In contrast to this situation, the notion of a stoppered 
preferential matrix is defined in purely set-theoretic 
terms. Let us also note, that if a preferential matrix 
M is stoppered, then so is the preferential model struc- 
ture M defined as in the previous paragraph. 

THEOREM 2.1: If M =< ,A, V,7i, C> is a preferen- 
tial stoppered matrix, then CM is cumulative inference 
operation. Moreover, if ?t is closed under the composi- 
tion with all substitutions of L, then CM is structural. 

THEOREM 2.2: For every cumulative inference opera- 
tion C there is a preferential stoppered matrix M = 
< .A, V, N, C> such that C = CM. Moreover, if C is 
structural then 3t can be assumed to consists of all val- 
uations. 

Theorems 2.1 and 2.2 give us a representation theorem 
for cumulative inference systems in terms of preferen- 
tial matrices. One of the matrices that satisfy Theorem 
2.2 is ML =< fZ,{C(X) : X C L}, {id},~>, where 
id is the identity function on L, and C(X) c C(Y) 
iff C(X) # C(Y) and for some X’ C C(Y),C(X) = 
C(X’). Its construction resembles that of the so-called 
Lindenbaum matrix for a logical system (cf. Wojcicki 
1988). Henceforth, we shall call it the Lindenbuum mu- 
ttix for C. A model structure similar to ML is used 
in (Makinson 1988) to characterize the class of cumula- 
tive inference operations in terms of preferential model 
structures. 

There are obvious connections between preferential 
matrices and logical matrices (for every preferential ma- 
trix < A,V,%,C>, < ~$2, > is a logical matrix). 
Hence, one may expect to transfer some of the alge- 
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braic tools and techniques developed for logical matri- 
ces to‘study cumulative inference systems. In this and 
the following sections we will try to do just that. 

Let us consider the so-called loop principle (cf. 
Kraus, Lehmann, & Magidor 1990, Makinson 1988, 
Makinson 1989): 

(loop) x0 c C(Xl),Xl c_ qx2),...,xa-l c WLJ, 
Xn E C(X0) implies C(X0) = C(X,). 

In (Kraus, Lehmann, & Magidor 1990) and (Makin- 
son 1989) this principle has been found &he counter- 
part of transitivity of preference relation in stoppered 
preferential models. In preferential matrix semantics, 
loop can be related to the following property of pref- 
erence relations. We say that a preferential matrix 
< .A, V, ti, C> is loop-free if and only if there is no se- 
quence do c dl c . . . c d, c do of sets in V. Following 
(Kraus, Lehmann, & Magidor 1990), we call every in- 
ference operation satisfying (loop) loop-cumulative. Our 
last theorem of this section characterizes the loop prin- 
ciple in the class of cumulative systems. 

THEOREM 2.3. Representation Theorem for Loop- 
Cumulative Inference Operutions. An inference oper- 
ation C is loop-cumulative if and only if it is defined by 
a stoppered loop-free matrix. 

Monotone Bases Q 

Nonmonotonic inference systems are build ‘on top’ or 
‘on the basis of’ some monotonic logical systems; they 
depart from their deductive counterparts by giving up 
monotonicity for some other principles of inference. The 
system C presented in (Kraus, Lehmann, & Magidor 
1990) is based on the classical logic < &, 62 > and 
so are all the inference systems < &-, C > such that 
C2 5 C. Frequently, nonmonotonic inference systems 
are based on non-classical logics: on Kleene’s three- 
valued logic (cf. Doherty 1991), on modal logics (cf. 
McDermott 1982, Moore 1985), on constructive logic 
(cf. Pearce P992), etc. This suggests the following defi- 
nition: 

the monotone buse of a cumulative inference 
operation C is the largest structural conse- 
quence operation CB such that CB 5 C (the 
largest with respect to 5). 

To the best of our knowledge, no formal discussion of 
the monotone base of inference systems is present in the 
literature, although many important properties of non- 
monotonic inference systems were implicitly defined in 
terms of this notion. Two of such properties, distribu- 
tivity and consistency preservation, will be studied soon. 

The fact that all structural consequence operations on L 
form a lattice under the ordering 5 (cf. Wbjcicki 1988) 
implies the following theorem: 

THEOREM 3.0: Every inference operation has the 
unique monotone base. 

In (Makinson 1989), a cumulative inference operation 
C is called supruclussicul if C2 5 C, where C2 denotes 
the consequence operation of the classical logic. If C 
is nontrivial, then the above condition is equivalent to 
the statement that C2 is the monotone base of C, i.e. 
that CB = 62. Namely, C2 is a maximal structural 
consequence operation, i.e. for every structural conse- 
quence operation C* 1 62, C* = C2 or C* is trivial, 
i.e., C*(X) = L, for all X C L. Since C is nontrivial, 
by Theorem 3.0, we must have CB = 62. 

Before we state our next theorem, let us introduce the 
following notation. Hf M =< A,V,?d, C> is a prefer- 
ential matrix, then CM denotes the inference operation 
defined by M and CnM denotes the consequence oper- 
ation defined by the logical matrix < .A, V >. 

THEOREM 3.1: For every preferential matrix M, 
cnM<cM. 

Unfortunately, CnM is not always the monotone base of 
CM. As the next example shows, we can easily find two 
preferential matrices MO and Ml such that CM~ = CM~ 
but CnMo # CT&M,. 

EXAMPLE 3.2: Let MO be as in Example 1.0 and let 
Ml be obtained from MO by the addition of (3) to the 
family of designated truth-values and by making this 
set the maximal with respect to the preference relation. 
The inference operations CM,, and CM, are identical 
while 4 E Cn&( { 3)) - CnMl ({ 3)). The reason while 
a!& = CM, is that the addition of the set (3) is ‘use- 
less’, i.e., it does not modify the inference engine of MO. 
However, this addition modifies the ‘monotone base’ of 
MO represented by CnM,,. 0 

THEOREM 3.3: Let C be a cumulative inference op- 
eration and let M be the Lindenbaum matrix for 6. 
Then CB = CnM. 

By Theorem 3.3, the monotone base of a cumulative in- 
ference operation C is defined by the ‘logical part’ of the 
Lindenbaum matrix for C. If C is introduced by an arbi- 
trary matrix M, then frequently CB = CnM, provided 
that M has no ‘useless’ sets of designated truth-values. 
The details are as follows. Let M =< &V, 3c, t> be 
a preferential matrix. We call a set d E 2) useless if for 
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some d* E V, d* c d and d s d*. The next theorem 
shows that all the useless sets can be safely eliminated. 

THEOREM 3.4: Let M be a preferential matrix and 
let N be the matrix obtained from M by removing all 
useless sets. Then CM = C,. 

THEOREM 3.5: Let C be a cumulative inference oper- 
ation defined by a matrix M =< A, V, Z, C> without 
useless sets. If 3c contains a valuation of C onto 4, then 
@B = CnM. 

Theorems 3.4 and 3.5, when applied to a preferential 
matrix M with the full set of valuations, say that the 
monotone base of CM is defined by M with all the use- 
less sets removed. 

As we have settled the problem of semantic defini- 
tion of monotone bases, let us turn to the problem of 
an interplay between cumulative inference operations 
and their monotone bases. In (Makinson 1988, Makin- 
son 1989) it is shown that every supraclassical inference 
system C defined by a cZussicuZ preferential model struc- 
ture (i.e. the satisfaction relation preserves the intended 
meanings of classical logical connectives) satisfies the 
following principle of distributivity: for every X,Y E L, 

(4 G(X) = X and C2(Y) = Y implies C(X)nC(Y) E 
C(X n Y). 

Makinson’s proof exploits the following property of clas- 
sical models: a disjunction cy is satisfied in a model 
M iff one of the disjuncts of o. is satisfied in M. The 
preferential matrix counterpart of this property, called 
well-connectivity, is defined as follows. Let M =< 
4, V, 3c, C> be a preferential matrix for C and let us 
suppose that V is one of the binary connectives of fZ. 
We say that M is well-connected (with respect to V) iff 
for every pair a, b of truth-values of M and every d E V: 

aVbEd ifl aedorbcd. 

Well-connectivity is, in fact, a property of the logical 
matrix < A,V >, since its definition is independent of 
the preference relation of M. Moreover, if M is well- 
connected, then CnM is disjunctive with respect to V, 
i.e., for every X U {cy,/3} C L, Cn(X U {CY V p)) = 
C(X u {a}) n C(X U {p}). We say that a cumulative in- 
ference operation C is distributive if it satisfies (d) with 
C2 replaced by CB. Our next theorem extends Makin- 
son’s result to a larger class of cumulative operations. 

THEOREM 3.6: Every cumulative inference operation 
defined by a well-connected preferential matrix is dis- 
tributive. 

Another result, first formulated and proved for supra- 
classical cumulative inference systems, which, when ex- 
pressed in terms of monotone bases, holds for a larger 
class of such systems is presented in the following theo- 

THEOREM 3.7: Every distributive cumulative inference 
operation is loop-cumulative. 

Consistency Preservation 

An inference operation C satisfies the consistency 
preservation property if for every X E L, 

c(x)=L iff cfj(x)=L. 

In other words, this property, when satisfied, sets the 
limit on how much a given inference operation C and 
its monotone base CB may differ. In the context of 
supraclassical inference systems this property was inves- 
tigated in (Makinson 1989), where the reader is referred 
to for examples of inference systems with this property. 
Let us note that: 

THEOREM 4.0: Every cumulative structural inference 
operation satisfies the consistency preservation prop- 
erty. 

The satisfaction of the consistency preservation- prin- 
ciple enables the application of rich refutational auto- 
mated theorem proving techniques available for logical 
systems, such as non-clausal resolution or signed tableau 
(cf. H%hnle 1991, Stachniak 1991, Stachniak 1992), to 
cumulative inference systems. In fact, following (Stach- 
niak 1991), we can characterize the class of cumulative 
inference systems for which a refutationally equivalent 
resolution proof system can be found. Informally, a 
logic P is said to be a resolution logic if there exists a 
resolution-based proof system Rs refutationally equiv- 
alent to P, i.e. for every finite set X of formulas, X is 
inconsistent in P if and only if X can be refuted in Rs 
(cf. Stachniak 1991, Stachniak 1992). This definition 
can be extended to cumulative inference systems in the 
following way: a cumulative inference system < C, C > 
with the consistency preservation property is said to 
be a resolution inference system if and only if the logic 
< C,CB > is a resolution logic. In the light of this 
definition, the characterization of the class of resolution 
logics given in (Stachniak 1991) can be extended to res- 
olution inference systems as follows: 

THEOREM 4.1: Let C be a cumulative inference oper- 
ation with the consistency preservation property. Then 
the following conditions are equivalent: 

(i) < C,C > is a resolution inference system; 
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(ii) there exists a finite logical matrix M such that C 
and CnM have the same inconsistent sets; 

(iii) for some integer k 2 0, L(“)/O is finite and for 
every finite set X C L, 

C(X) = L a$ C(e(X)) = L, for every substitution e 
that maps L into L(“). 

In this theorem, L(“) d enotes the set of all formulas of 
L which are built up by means of the connectives of L 
and the propositional variables ~0, . . ..pk. 0 denotes the 
congruence relation of 1s defined in the following way: 
for every Q, p E L, 

c&/3 i$for every X C L and every r(p) E L, 
C(X lJ bfP/Qw = L ++ C(X u {Y (P/P)}) = L. 

If C is a structural cumulative inference operation whose 
monotone base is defined by a finite logical matrix N, 
then, by Theorems 4.0 and 4.1, < C,C > is a reso- 
lution inference system. Moreover, a resolution based 
automated proof system for < Is, C > can be effectively 
constructed from N following, for example, the algo 
rithm described in (Stachniak 1991). 

Let us close this section with the following general re- 
mark. The application of refutational theorem proving 
techniques to a particular cumulative inference system 
< C, C > hinges upon the availability of an effective pro- 
cedure that reduces the problem of validation of an in- 
ference to the problem of inconsistency checking. What 
is required is an algorithm which for every finite set X 
of formulas and every formula CY constructs a finite set 
X, such that the following reduction principle holds: 

CY EC(X) aff C(X,) = L. 

For example, in the case of the classical propositional 
logic we can just put X, = X U (-Q). The reduction 
principle, however, is not universally available to all cu- 
mulative inference systems, as it is not available to all 
logics. 
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