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Abstract 
We evaluate current explanation schemes. These are 
either insufficiently general, or suffer from other seri- 
ous drawbacks. We propose a domain-independent ex- 
planation system that is based on ignoring irrelevant 
variables in a probabilistic setting. We then prove im- 
portant properties of some specific irrelevance-based 
schemes and discuss how to implement them. 

Introduction 
Explanation, finding causes for observed facts (or evi- 
dence), is frequently encountered within Artificial In- 
telligence. For example, some researchers (see [Hobbs 
and Stickel, 19881, [Ch 
[Stickel, 19881) 

arniak and Goldman, 19881, 
view understanding of natural language 

text as finding the facts (in internal representation for- 
mat) that would explain the existence of the given text. 
In automated medical diagnosis (for example the work 
of [Cooper, 19841, [Shachter, 1986], and [Peng and Reg- 
gia, 1987]), one wants to find the disease or set of dis- 
eases that explain the observed symptoms. In vision 
processing, recent research formulates the problem in 
terms of finding some set of objects that would explain 
the given image. 

Following the method of many researchers (such as 
cited above), we characterize finding an explanation, 
as follows: given world knowledge in the form of (usu- 
ally causal) rules, and observed facts (a formula), de- 
termine what needs to be assumed in order to predict 
the evidence. Additionally, we would like to select an 
explanation that is “optimal” in some sense. 

There are various schemes for constructing explana- 
tions, among them the pure proof theoretic “theory 
of explanation” (see [McDermott, 1987]), set minimal 
abduction [Genesereth, 19841, and others; these are 
usually insufficiently discriminating (i.e. they would 
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not be able to choose between many candidate ex- 
planations), because they only supply a partial or- 
dering of explanations, that may result in an mutual 
incomparability of the best candidates (see [Charniak 
and Shimony, 19901). A better explanation construc- 
tion method is Hobbs and Stickel’s weighted abduc- 
tion [Hobbs and Stickel, 19881, and our variant of it, 
cost-based abduction [Charniak and Shimony, 19901. 
However, the latter schemes do not handle negation 
correctly, because of the independence assumptions in- 
herent to them. In fact, cost-based abduction may 
prefer an inconsistent (i.e. 0 probability) explanation 
to a reasonably probable explanation, as we show in 
[Shimony, 19901. 

Another method su 
metric, presented in f 

gested recently is the coherence 
Ng and Mooney, 19901. How- 

ever, coherence suffers from some anomalies, as shown 
by [Norvig, 19911. One anomaly is that if the proof 
subgraph of an explanation happens to contain sev- 
eral intermediate nodes, then that explanation may be 
spuriously preferred. Another anomaly occurs in cases 
where we may not want things to be explained by the 
same fact, and coherence will fail there. Coherence 
also fails to deal with uncertainty, or with cases where 
rules or predicates have priorities. 

Probabilistic schemes for explanation are sufficiently 
discriminating, as they provide a total ordering of can- 
didate explanations. These schemes also have a natural 
semantics, the probabilities of things occurring in the 
world. For these reasons, we focus exclusively on expla- 
nation in a probabilistic setting. Unfortunately, while 
there are numerous probabilistic explanation schemes, 
all of them are either insufficiently general or have 
other deficiencies, as shown by Poole in [Poole and 
Provan, 19901. One of the schemes, Maximum A- 
Posteriori (MAP) 
[Pearl, 19881) 

model explanations (called MPEs in 
is used here as a starting point, because it 

maximizes both internal consistency of the explanation 
(the probability of the model) and its “predictiveness” 
of the evidence. Formally, the MAP is the assignment 
A to all the variables that maximizes P(A]E), or the 
“most probable scenario given the evidence, &“. We 
make the simplifying assumption that the world knowl- 
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edge is represented as (or at least is representable as) 
a probability distribution in the form of a belief net- 
work, as is done by many researchers in the field, such 
as in [Charniak and Goldman, 19881, [Cooper, 19841, 
and others. 

MAP explanation has its proponents in the research 
community. Derthick, in his thesis [Derthick, 19881, 
talks about “reasoning by best model”, which is es- 
sentially finding the most probable model given the 
evidence, and performing all reasoning relative to that 
model. We adopt that idea as 
a single “best” explanation. 

a motivation for finding 

A serious drawback of MAP explanations and sce- 
narios is that they exhibit anomalies, in the form of the 
overspecification problem, as demonstrated by Pearl in 
[Pearl, 19881. He presents an instance of the problem 
(the vacation planning problem), a variant of which 
(where the belief network representation is made ex- 
plicit) is presented below. - 

Suppose that I am planning to take some time off 
on vacation, and take a medical test beforehand. Now, 
the medical test gives me a 0.2 probability of having 
cancer’ (i.e. probability 0.8 of being healthy). Now, if 
I am alive and go on vacation whenever I am healthy, 
then the most-probable state is: I am healthy, alive, 
and on vacation (ignoring temporal problems). Sup- 
pose, however, that I now plan my vacation, and am 
considering 10 different vacation spots (including one 
of resting at home), and make them all equally likely, 
given that I’m healthy (i.e. no preference). Also, as- 
sume that if I’m not well, then I will (with high prob- 
ability) stay at home and die, but I still have a small 
probability of surviving and going on vacation. One 
way of representing the data is in the form of a be- 
lief network, as shown in figure 1. The network has 
three nodes: alive, healthy, and vacation spot2. The 
evidence is a conjunction, where we also allow assign- 
ments of U (unassigned) to appear for evidence nodes. 
The latter signifies that we are interested in an expla- 
nation to whatever value the node has, without actual 
evidence being introduced. Thus, in the example, the 
“evidence” can be stated as “alive = U”. 

In this network, since we have 10 vacation spots, the 

i We assume here 
sume that there are 
this example. 

th .at (cancer = not healthy), i.e. as- 
no other diseases, for the purposes of 

2The terms n odes and uariarbles are used interchange- 
ably. We use lower case names and letters for variable 
names, and their respective capitalized words and letters 
to refer to either a particular state of the variable, or as a 
shorthand for a particular assignment to the variable. In 
addition, a variable name appearing in an equation without 
explicit assignment, means that we actually have a set of 
equations, one for each possible assignment to the variable. 
E.g. P(Z) = P(g) h w ere x and y are boolean valued nodes 
stands for P(x = 2’) = P(y = 2’) A P(x = F) = P(y = 
T) A P(x = T) = P(y = F) A P(x = F) = P(y = 
F). Assignments are treated as sample-space events when 
applicable. 

P(Healthy) = 0.8 

P(stay at homelnot Healthy) = 0.9 

P(other locationlnot Healthy) = 0.011.. 

P(any 1ocationlHealthy) = 0.1 

(Alivelhealtby, any location) = 1 

P(Alivelnot Healthy, stay home) = 0 

U P(Alivelnot Healthy, other location) = 0.1 

Figure 1: Belief network for the vacation-planning 
problem 

probability of any scenario where I am alive is 0.08; 
but the scenario where I die of cancer is the most likely 
(probability of 0.18)! This property of most-probable 
scenarios is undesirable, because it is not reasonable to 
expect to die just because of planning ahead one step. 

Pearl suggests that we do not assign nodes having 
no “evidential support”, i.e. those that have no nodes 
below them in the belief network. This is a good idea, 
but it is not sufficient, as it clearly does not help in the 
above example, because the “vacation location” node 
does have evidential support. 

Despite its shortcomings, the MAP scheme does not 
suffer from potential inconsistencies. We use it as‘a 
starting point, and argue that by using a partial Max- - 
imum A-Posteriori model as an explanation, we can 
solve the overspecification problem. We use the intu- 
ition that we are not interested in the facts that are ir- 
relevant to our observed facts, and consider models (ex- 
planations) where irrelevant variables are unassignkd. 

We propose two ways to define the class of par- 
tial models (or assignments) that we are interested in, 
i.e. to decide what is irrelevant. The first attempt, - . 
independence-based partial assignments, uses statisti- 
cal independence as a criterion for irrelevance. We then 
define independence-based partial MAP as the high- 
est probability independence-based assignment. We 
show that it alleviates the overspecification problem 
in some cases (it solves the vacation-planning problem - 
correctly). We then outline a method of adapting our 
algorithm for finding complete MAPS, introduced in 
[Shimony and Charniak, 19901, to compute irrelevance- 
based partial MAPS. We do that by proving some im- 
portant properties of independence-based assignments. 

Using independence-based MAPS still causes assign- 
ing values to variables that we would think of as irrel- 
evant. We propose b-independence, an improved cri- 
terion for deciding irrelevance that is more liberal in 
recognizing facts as irrelevant. It specifies that a fact 
is irrelevant if the given facts are independent of it 
within a tolerance of 6. 
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Irrelevance-based lK?J?s 
We now define our notion of best probabilistic explana- 
tion for the observed facts as the most probable partial 
model that ignores irrelevant variables. The criteria 
under which we decide which variables are irrelevant 
will be defined formally in the following sections. For 
the moment, we will leave that part of the definition 
open-ended and rely on the intuitive understanding of 
irrelevance. Suffice it to say that our definitions of ir- 
relevance will attempt to capture the intuitive meaning 
of the term. 
Definition 1 For a set of variables B, an assignment? 
AS (where S C B), is an irrelevance-based assignment 
in the nodes B - S are irrelevant to the assignment. 

In the vacation planning example, we would say that 
the vacation-location is irrelevant to the assignment 
(Alive, Healthy). 

Definition 2 FOT a distribution ovep the set of vari- 
abbes B with evidence E, an assignment As is an 
irrelevance-based MAP if it is the most probable 
irrelevance-based assignment that is complete w.r.t. 
the evidence nodes, such that P(ElA”) = 1. 

This is a meta-definition. We will use different def- 
initions of irrelevance-based assignments to generate 
different versions of irrelevance-based MAPS. With the 
“intuitive” definition, in our vacation-planning exam- 
ple, the irrelevance based MAP is (Alive, Healthy), 
which is the desired scenario. 

We say that the irrelevance-based MAP w.r.t. the 
evidence I is the best explanation for it. Note that 
the definition above is not restricted to belief networks. 
Our formal definitions of irrelevance, however, will be 
restricted to belief networks, and will rely on the di- 
rectionality of the networks, the “cause and effect” di- 
rectionality. In belief networks, an arc from u to v 
states that u is a possible cause for v. Thus, the only 
possible causes of a node v are its ancestors, and thus 
(as in Pearl’s evidential support), all nodes that are 
not ancestors of evidence nodes are unassigned. Ad- 
ditionally, we do not assign (i.e. are not “interested” 
in) nodes that are irrelevant to the evidence given the 
causes. The ancestors are only potentially relevant, be- 
cause some other criterion may cause us to decide that 
they are still irrelevant, as shown in the next section. 

Independence-based MM% 
Probabilistic irrelevance is traditionally viewed as sta- 
tistical independence, or even independence given that 
we know the value of certain variables (the indepen- 
dence model that is due to Pearl). The latter is known, 
in the case of belief networks, as d-separation. How- 
ever, using d-separation as a criterion for deciding 

‘A denotes assignments. The superscript denotes the 
set of assigned nodes. Thus, AS denotes an assignment 
that is complete w.r.t. S, i.e. assigns some value (but not 
V) to each node in S. 

which nodes are irrelevant does not suffice for our ex- 
ample, because clearly the “vacation spot” and “alive” 
nodes are not d-separated by the “healthy” node. As 
a starting point for our notion of probabilistic irrele- 
vance, we use Subramanian’s strong irrelevance ([Sub- 
ramanian, 19891). In that paper, S1(f, g, M) is used 
to signify that f is irrelevant to g in theory M if f 
is not necessary to prove g in M and vice versa (see 
[Subramanian, 19891 for the precise definition). We 
use the syntax of that form of irrelevance, but change 
the semantics. That is because we are interested in 
irrelevance of f to g even if g is not true. We de- 
fine probabilistic irrelevance relative to sets of models, 
rather than theories (as in [Subramanian, 19891). This 
is necessary because the (more general) probabilistic 
representation does not have implications, just condi- 
tional probabilities. 

Partial assignments induce a set of models. For ex- 
ample, for the set of variables (x, y, 23, each with a 
binary domain, the assignment (x = T, y = F} with 
z unassigned induces the set of models ((z = T, y = 
F, z = F), (1: = T, y = F, z = T)). We will limit 
ourselves to the sets of models induced by partial as- 
signments, and use the terms interchangeably. We say 
that In( f, gjA) if f is independent of g given A (where 
4 is a partial assignment), i.e. if P( f 19, JI) = P( f IA). 
We allow f and g to be either sets of variables or as- 
signments (either partial or complete) to sets of vari- 
ables. This is similar to Pearl’s independence nota- 
tion, 1(X, Y, Z), where variable set X is independent 
of variable set 2 given variable set Y. The difference 
is that Pearl’s notation does not require a certain as- 
signment to Y, just that the assignment be known; 
whereas our notation does require it. For any disjoint 
sets of variables X, Y, 2, we have that 1(X, Y, 2) im- 
plies Ila(X, Z].Ay), but not vice-versa. 

We now define our first notion of an irrelevance- 
based assignment formally (we call it independence- 
based assignment): 

Definition 3 An assignment AS is an independence- 
based assignment ifl for every node v E S, A(V) is 
independent of all its ancestors that are not in S, given 
pt+w. 4 

The idea behind this definition is that the unassigned 
nodes above each assigned node v should remain unas- 
signed if they cannot affect v (and thus cannot be used 
to explain v). Nodes that are not ancestors of v are 

because they never used as an explanation of v anyway, 
are not potential causes of 21. 

Definition 4 An independence-based MAP is an 
irrelevance- based MAP wheTe independence- based as- 

*t is shorthand for “immediate predecessors of”. t + is 
the non-reflexive, transitive closure oft. Thus, t+(v) is the 
set of all the ancestors of ‘u. We omit the set-intersection 
operator between sets whenever unambiguous, thus S t +(v) 
is the intersection of S with the set of ancestors of V. 
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signments are substituted for irrelevance- based assdgn- 
mends. 

In our example, using independence-based MAPS, 
we have a best scenario of (Alive, Healthy, vacation 
location undetermined) with a probability of 0.8 as 
desired. We do not assign a value to vacation location 
because the only node v with unassigned ancestors is 
v=alive, and the conditional independence In(alive, va- 
cation spot ] Healthy) holds. 

Properties of Independence-based 
Assignments 
The independence constraints in the definition of 
independence-based assignments leads to several inter- 
esting properties, that are desirable from a computa- 
tional point of view. 

We make the following observation: if, for each as- 
signed variable 21, v is independent of all of its unas- 
signed parents given the assignment to the rest of its 
parents, then the entire assignment is independent of 
the unassigned ancestors. Thus, to test whether an as- 
signment is independence-based, we only need to test 
the relation between each node and its parents, and 
can ignore all the other ancestors. Formally: 

Theorem 1 For all assignments As that are complete 
w.r.t. S, the nodes of some subset of belief network B, 
if for every node v E S, In(Af”), t (v) - SjASt(U)), 
then As is an independence-based assignment. 

Proof outline: We construct a belief network B’, 
that is the same as B except for intermediate nodes 
inserted between nodes and their parents. The extra 
nodes map out all possible assignments to each node 
v and its parents, where nodes are collapsed together 
whenever v is independent of some subset of its par- 
ents given the assignment to the rest of its parents. 
Then we show that the marginal distribution of B’ is 
the same as B. We use the d-separation of nodes in B’ 
to show independence of nodes and their ancestors in 
the constructed network, and carry these independence 
results back to the original network, B. 

Theorem 1 allows us to verify that an assignment is 
independence-based in time linear in the size of the net- 
work, and is thus an important theorem to use when 
we are considering the development of an algorithm 
to compute independence-based MAPS. Additionally, 
if B has a strictly positive distribution, then theo- 
rem 1 also holds in the reverse direction. This allows 
for a linear-time verification that an assignment is not 
independence-based. 

The following theorem allows for efficient computa- 
tion of P(A’): 

Theorem 2 If In(v, 7 (v) - S, ASt(“)) for every node 
v E S, then the probability of As is: 

Proof outline: Let 0 be the set of belief network 
nodes not in S. We argue that, because of the inde- 
pendence constraints, we can write the joint probabil- 
ity of the entire network, P(nodes(B)) as the product 
P(A”)P(JP), f or any possible assignment to the nodes 
of 0. The joint probability of a belief network can al- 
ways be written as a product of probabilities of nodes 
given their parents. To calculate P(AS), we marginal- 
ize P(.A”) out, by summing over all the possible values 
of the unassigned nodes. Thus, we can write: 

with 

A$’ uEO 
where the c subscript denotes all possible complete as- 
signments, in this particular case all complete assign- 
ments to the set of nodes 0. We then argue that S 
is the sum of the probabilities of a complete sample 
space, and thus is equal to 1. 

The theorem allows us to find P(As) in linear time 
for independence-based assignments, as the terms of 
the product are simply conditional probabilities that 
can be read off from the conditional distribution array 
(or other representation) of nodes given their parents. 

Algorithmic Issues 
In order to be able to adapt standard algorithms 
for MAP computation to compute independence-based 
MAPS, we need to be able to do two things efficiently: 
a) test whether an assignment is independence-based, 
and b) evaluate its probability. This is usually a min- 
imal requirement?, whether the form of our algorithm 
is simulation, best-first search or some other method. 
In the case of independence-based MAPS, theorems 
1 and 2 indeed provide us with linear-time proce- 
dures to meet these conditions, which allows us to 
take a complete-MAP algorithm and convert it to an 
independence-based MAP algorithm. 

We presented a best-first search algorithm for finding 
complete (rather than partial) MAP assignments to 
belief networks in [Shimony and Charniak, 19901. The 
algorithm finds MAP assignments in linear time for 
belief networks that are polytrees (i.e. the underlying 
graph, with all edges replaced by undirected edges, is 
a set of trees), but is potentially exponential time in 
the general case, as the problem is provably NP-hard. 

The algorithm was modified to compute indepen- 
dence based MAPS. We describe the algorithm and 
modifications more fully in [Shimony, 19911, but review 
it here. An agenda of states is kept, sorted by current 
probability, which is a product of all conditional prob- 
abilities seen in the current expansion. The operation 
of the algorithm is summarized in the following table. 

‘We can survive without requirement a) if we have a 
scheme that enumerates independence-based assignments, 
but even in that case theorem 1 will help us out. 
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The modifications are in checking for completeness 
in step 3, and in extending the current agenda item. 
In both cases, the extension consists of picking a node, 
and assigning values to its neighbors. Each such as- 
signment generates a new state. The states are eval- 
uated and queued onto the agenda. The difference is 
that with the modified algorithm, when extending a - 
node, we never assign values to its children, and some 
of the parents need not be assigned, which actually 
saves some work w.r.t. the complete-MAP algorithm. 
Completeness in the modified algorithm is different in 
that an agenda item may be complete even if not all 
variables are assigned, and in fact we use the results 
of theorem 1 directly to check for completion. We will 
not pursue further details of the algorithm here, as it 
is discussed in [Shimony, 19911. 

Evaluating Independence-based MAPS 
We can see that independence-based assignments solve 
the vacation-planning problem, in that “vacation spot” 
is irrelevant to “alive” given “Healthy”, using the con- 
ditional independence criterion of definition 3. How- 
ever, this definition of irrelevance is still insufficient 
because slightly changing conditional probabilities may 
cause assignment to variables that are still intuitively 
irrelevant, which may in turn cause the wrong expla- 
nation to be preferred (the instability problem). The 
latter problem manifests if we modify the probabilities 
in our vacation-planning problem slightly, as in the fol- 
lowing paragraph. 

Change the probability of being alive given the lo- 
cation so that probability of “Alive” given “Healthy” 
and staying at home is still 1, but only 0.99 given 
“Healthy” and some other location (say an accident 
is possible during travel). We no longer have indepen- 
dence, and thus are forced into the bad case of finding 
the “not alive” scenario as the best explanation. This 
is counter-intuitive, and we need to find a scheme that 
can handle “almost” independent cases. 

S-independence and Explanation 
In order to improve the relevance performance of inde- 
pendence based explanation, we will attempt to relax 
the independence constraint that stands at the heart 
of the scheme. This will allow us to assign fewer vari- 
ables, hopefully ones that are not independent but 
still intuitively irrelevant. We relax the exact indepen- 
dence constraint by requiring that the equality hold 
only within a factor of 6, for some small 6. 

our notation: 6-In(a, blAS)), ifl 

This definition is naturally expanded for the case of a 
and b being (possibly partial) assignments rather than 
sets of variables (in which case read a for Aa, and b 
for Ab). This definition is parametric, i.e. 6 can vary 
between 0 and 1. 
Definition 6 An assignment AS is 6-independence 
based if16-In(Aj”), 0 1 +(v)l~“f’(“)), for every v E S 
(where 0 is the set of variables not in S). 

Note that the case of 6 = 0 reduces to the 
independence-based assignment criterion. In the case 
of our modified vacation-planning problem, and 6 = 
0.1, we get the desired &independence based MAP 
of (Alive, Healthy), alleviating the instability prob- 
lem. Using &independence as a measure of irrelevance 
solves the vacation-planning problem and its modi- 
fied counterpart, but we need to show that finding 6- 
independence based MAPS is practical. To do that, we 
need to prove locality theorems similar to theorems 1 
and 2. In the former-case, it works: 
Theorem 3 If 4’ is a complete assignment w.r.t. 
subset S o belief network B and for every node v E S, 
6 - In(A “),t (v) - SIASflu)) (for 0 < 6 < l), then f 
AS is a b-independence-based assignment to-B. 

Proof outline: Expand the probability of node v 
given its parents as a marginal probability, summing 
over states of the unassigned indirect ancestors of v. 
The sum of probabilities over all states of the ancestor 
nodes equals 1. Using a convexity argument, we show 
that the minimum probability of v, given any states 
of its ancestors, occur when all the parents of v are 
assigned. Thus, the minimum probability of v given 
some assignment to its direct parents is smaller than 
the probability of v given any assignment to the indi- 
rect ancestors of v. A similar argument can be made 
for the respective maxima. Thus, given that the min- 
imum and maximum probabilities (of v given parents) 
are within a factor of 1 - 5 of each other, the mini- 
mum and maximum over the states of all unassigned 
ancestors are also within factor 1 - 6. 

Computing the exact probability of &independence 
based assignments is hard, but the following bound 
inequalities are always true: 

P(JP) 5 n Aybx, P(Jw ptsT(u), JvU)) 
UES 

P(AS) 2 n AFj,ny, P(dw psy JvU)) 
UES 

Proof outline: Apply the argument of theorem 3 to 
all v E S, and the multiplicative property of belief 

Definition 5 We say that a is b-independent of b 
given As, where a, b and S are sets of variables (in 

networks (as in the proof of theorem 2) to get the in- 
equalities above. 
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The bounds get better as d approaches 0, as their 
ratio is at least (1 - 5)lsl. They can be computed 
using only local information, the conditional indepen- 
dence arrays of v given its parents, for each v in the 
assignment. In the worst case, we need to scan all 
the possible value assignments to the (currently unas- 
signed) parents of each v, but the computation time is 
still linear in IS]. In practice, it is possible (and fea- 
sible) to precompute the bounds for each v and each 
possible &independence based assignment to v and its 
parents (not all possible &independence based assign- 
ments to the entire network). In [Shimony, 19911, we 
show how to adapt our basic MAP algorithm to com- 
pute b-independence based MAPS. 

There is, however, a problem with &independence, 
that of determining the correct value of 6. In the above 
example, where did the value d = 0.1 come from? We 
could state that this is some tolerance beyond which we 
judge variables to be sufficiently near to independence, 
and that we can indeed pick some value and use it 
for all explanation problems successfully. That does 
not appear to be the case in certain examples we can 
cook up, especially when nodes can have many possible 
values (say, more than 10 values). A good solution to 
the problem is using a variable 6. We are looking into 
a method of making 6 dependent on prior probabilities 
of nodes, but are also considering basing its value on 
the number of values in a node’s domain. 

Summary 
Previous research ([Poole and Provan, 19901, [Char- 
niak and Shimony, 19901, and [Shimony, 19901) has 
shown that existing explanation systems have major 
drawbacks. We have looked at probabilistic systems 
for a solution. We started off with MAP explanations, 
and observed that the system suffers from overspeci- 
fying irrelevant variables. We defined the concept of 
partial MAPS, and a particular kind of partial MAP 
called “irrelevance-based MAP”, in which “intuitively 
irrelevant” nodes are left unassigned. 

We then defined irrelevance as -statistical indepen- 
dence, showed how it helps in certain cases, and proved 
important properties of independence-based assign- 
ments that facilitate designing an algorithm to com- 
pute them. Independence-based MAPS still suffer from 
irrelevant assignments, and we discussed the relaxation 
of the independence based assignment criterion, by us- 
ing &independence, to solve the problem. 
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